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Preface

Within the framework of the classical linear model it is a fairly
straightforward matter to establish the properties of the ordinary
least squares (OLS) and generalized least squares (GLS) estimators
for samples of any size. Although the classical linear model is an
excellent framework for developing a feel for the statistical tech-
niques of estimation and inference that are central to econometrics,
it is not particularly well adapted to the study of economic phenom-
ena, because economists usually cannot conduct controlled experi-
ments. Instead, the data usually exist as the outcome of a stochastic
process outside the control of the investigator. For this reason, both
the dependent and the explanatory variables may be stochastic, and
equation disturbances may exhibit nonnormality or heteroskedastic-
ity and serial correlation of unknown form, so that the classical as-
sumptions are violated. Over the years a variety of useful techniques
has evolved to deal with these difficulties. Many of these amount to
straightforward modifications or extensions of the OLS techniques
(e.g., the Cochrane-Orcutt technique, two-stage least squares, and
three-stage least squares). However, the finite sample properties of
these statistics are rarely easy to establish outside of somewhat
limited special cases. Instead, their usefulness is justified primarily
on the basis of their properties in large samples, because these prop-
erties can be fairly easily established using the powerful tools pro-
vided by laws of large numbers and central limit theory.

Despite the importance of large sample theory, it has usually re-
ceived fairly cursory treatment in even the best econometrics text-
books. This is really no fault of the textbooks, however, because the
field of asymptotic theory has been developing rapidly. It is only
recently that econometricians have discovered or established meth-
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X Preface

ods for treating adequately and comprehensively the many different
techniques available for dealing with the difficulties posed by eco-
nomic data.

This book is intended to provide a somewhat more comprehensive
and unified treatment of large sample theory than has been available
previously and to relate the fundamental tools of asymptotic theory
directly to many of the estimators of interest to econometricians. In
addition, because economic data are generated in a variety of differ-
ent contexts (time series, Cross sections, time series—cross sections),
we pay particular attention to the similarities and differences in the
techniques appropriate to each of these contexts.

That it is possible to present our results in a fairly unified manner
highlights the similarities among a variety of different techniques. It
also allows us in specific instances to establish results that are some-
what more general than those previously available. We thus include
some new results in addition to those that are better known.

This book is intended for use both as a reference and as a textbook
for graduate students taking courses in econometrics beyond the
introductory level. It is therefore assumed that the reader is familiar
with the basic concepts of probability and statistics as well as with
calculus and linear algebra and that the reader also has a good under-
standing of the classical linear model.

Because our goal here is to deal primarily with asymptotic theory,
we do not consider in detail the meaning and scope of econometric
models per se. Therefore, the material in this book can be usefully
supplemented by standard econometrics texts, particularly any of
those listed at the end of Chapter 1.

I would like to express my appreciation to all those who have
helped in the evolution of this work. In particular, I would like to
thank Charles Bates, lan Domowitz, Rob Engle, Clive Granger,
Lars Hansen, David Hendry, and Murray Rosenblatt. Particular
thanks are due Jeff Wooldridge for his work in producing the solution
set for the exercises. I also thank the students in various graduate
classes at UCSD, who have served as unwitting and indispensable
guinea pigs in the development of this material. 1 am deeply grate-
ful to Annetta Whiteman, who typed this difficult manuscript with
incredible swiftness and accuracy. Finally, I would like to thank the
National Science Foundation for providing financial support for this
work under grant SES81-07552.



CHAPTER I

The Linear Model and Instrumental
Variables Estimators

The purpose of this book is to provide the reader with the tools and
concepts needed to study the behavior of econometric estimators and
test statistics in large samples. Throughout, attention will be directed
to estimation and inference in the framework of a linear model such as

v, =X,B, t+ ¢, t=1,...,n,

where we have n observations on the dependent variable y, and the
explanatory variables X,= (X,;, X;;, . . . , X4). The stochastic
disturbance €, is unobserved, and g, is an unknown k X 1 vector of
parameters that we are interested in learning about, either through
estimation or through hypothesis testing. In matrix notation this
model is written as

y=Xp, t+ ¢

where y is an n X 1 vector, X an n X k matrix, f,a k X 1 vector, and €
an n X | vector.

Almost all econometric estimators can be viewed as solutions to an
optimization problem. For example, the ordinary least squares esti-
mator is the value for f that minimizes the sum of squared residuals

SSR(B) = (y — XB)'(y — XB)
= i (yt - Xtﬂ)z-

=1
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The first-order conditions for a minimum are

SSR(B)/B=—2X"(y — Xp)

=—-23Y Xi(y,— X,8)=0.
=]
If X’X = 37, X;X, is nonsingular, this system of k equations in k
unknowns can be uniquely solved for the ordinary least squares (OLS)
estimator

B.= (X’X)7'Xy

n =1 n
~(3xx)" 3 xin
=] =1

Our interest centers on the behavior of estimators such as 8, as n
grows larger and larger. We seek conditions that will allow us to draw
conclusions about the behavior of 8,; for example, that g, has a
particular distribution or certain first and second moments.

The assumptions of the classical linear model allow us to draw such
conclusions for any #n. These conditions and results can be formally
stated as the following theorem.

THEOREM 1.1: The following are the assumptions of the classical
linear model.

(i) The model is known to be y = X8, + €, f, < .
(i) X is a nonstochastic and finite # X k matrix.
(iii) X’X is nonsingular for all n = k.
(iv) E(e)=0.
(v) €~N(,o3l), 02 <o, R
(a) (Existence) Given (i)-(iii), 8, exists for all n = k and is
unique. )
(b) (Unbiasedness) Given (i)-(iv), E(B,) = B..
(c) (Normality) Given (i)-(v), 8, ~ N(8,, a2(X’X)™).
(d) (Efficiency) Given (i)-(v), B, is the maximum likeli-
hood estimator and is the best unbiased estimator in the
sense that the variance -covariance matrix of any other
unbiased estimator exceeds that of 8, by a positive semi-
definite matrix, regardless of the value of g,.

Proof: See Theil [1971, Ch. 3].
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In the statement of the assumptions above, E( - ) denotes the ex-
pected value operator, and € ~ N(0, o2I) means that € is distributed as
(~) multivariate normal with mean vector zero and covariance matrix
o2l

The properties of existence, unbiasedness, normality, and efficiency
of an estimator are the small sample analogs of the properties that will
be the focus of interest here. Unbiasedness tells us that the distribu-
tion of B, is centered around the unknown true value 8,, whereas the
normality property allows us to construct confidence intervals and test
hypotheses using the f- or F-distributions (see Theil [1971, pp.
130-146]). The efficiency property guarantees that our estimator has
the greatest possible precision within a given class of estimators and
also helps ensure that tests of hypotheses have high power.

Of course, the classical assumptions are rather stringent and can
easily fail in situations faced by economists. Since failures of assump-
tions (iii) and (iv) are easily remedied (exclude linearly dependent
regressors if (iii) fails, include a constant in the model if (iv) fails), we
will concern ourselves primarily with the failure of assumptions (ii)
and (v). The possible failure of assumption (i) is a subject that requires
a book in itself and will not be considered here. Nevertheless, the
tools developed in this book will be essential to understanding and
treating the consequences of the failure of assumption (i).

Let us briefly examine the consequences of various failures of
assumptions (ii) or (v). First, suppose that € exhibits heteroskedasti-
city or serial correlation, so that E(ee’) = Q # g2I. We have the
following result for the OLS estimator.

THEOREM 1.2: Suppose the classical assumptions (i)-(iv) hold but
replace (v) with
(v) €~N(@0,Q), Q<o
Then (a) and (b) hold as before, (c) is replaced by
(¢’) (Normality) Given (1)-(v’),

B.~ N(B,, (X' X)™ X'QX (X' X)),

and (d) does not hold, that is, ﬁ,, is no longer the best unbiased
estimator.

Proof- By definition, 8, = (X’X)'X’y. Given (i),
B.= B, + (X' X)X’
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where (X’ X) 'X’e is a linear combination of jointly normal random
variables and is therefore jointly normal with

E(X’'X) 'X’e) = (X’X)'X’E(e) = 0,
given (ii) and (iv) and
var(X’' X) ' X’e = E((X’ X)"'X’ee’ X(X' X)™)
= (X'X)"'X'E(ee’)X(X' X)™!
= (X'X)"'X'QX(X'X)™,

given (i) and (v’). Hence B, ~ N(B,, (X' X)"'X’QX(X’X)™"). That
(d) does not hold follows because there exists an unbiased estimator
with smaller covariance matrix than g,, namely, B¥=
(X'Q'Xy'X’'Q'y. We examine its properties next.

As long as € is known, the presence of serial correlation or hetero-
skedasticity does not render us incapable of testing hypotheses or
constructing confidence intervals. This can still be done using (c’),
although the failure of (d) indicates that the OLS estimator may not be
best for these purposes. However, if Q is unknown (apart from a
factor of proportionality), testing hypotheses and constructing confi-
dence intervals is no longer a simple matter. One might be able to
construct tests based on estimates of €2, but the resulting statistics may
have very complicated distributions. As we shall see in Chapter VI,
this difficulty is lessened in large samples by the availability of conve-
nient approximations based on the central limit theorem and laws of
large numbers.

If Q is known, efficiency can be regained by applying OLS to a linear
transformation of the original model, i.e.,

Cly=C'Xg,+Cle
or
y*=X*, + e,
where y*= C7'y, X*= C~'X, ¢ = C~'e¢ and C is a nonsingular
factorization of Q such that CC’ = Q and C1QC~V = 1. This trans-

formation ensures that E(e*e¢*’) = E(C 'ee’C™"") =C 'E(ee’)C™" =
C'QC™Y =1, so that assumption (v) once again holds. The least
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squares estimator for the transformed model is
BE = (X*'X*)IX*'y*
=(X’'CVCX)y'X'C"Cly
=(X'Q'X)'X'Qly.

The estimator 8% is called the generalized least squares (GLS) estima-
tor and its properties are given by the following result.

THEOREM 1.3: The following are the “‘generalized™ classical as-
sumptions.

(i) The model is known to be y = X8, + €, f, < .
(i) X s a finite nonstochastic n X k matrix.
(iii*) X'Q~'X is nonsingular for all n = k and Q.
(iv) E(e)=0.
(v*) € ~ N(0,Q) is finite and nonsingular.
(a) (Existence) Given (i)-(iii*), B¥exists forall » = kand
1s unique.
(b) (Unbiasedness) Given (i)-(iv), E(8¥)=8,.
(¢) (Normality) Given (i)-(v*), 8%~ N(B,, (XQ'X)™).
(d) (Efficiency) Given (i)—(v*), B*is the maximum likeli-
hood estimator and is the best unbiased estimator.

Proof: Apply Theorem 1.1 to the model y* = X*8, + €*.

If Q is known, we obtain efficiency by transforming the model
“back” to a form in which OLS gives the efficient estimator. How-
ever, if Q is unknown, this transformation is not immediatgly avail-
able. It might be possible to estimate Q, say by Q, but Q is then
random and so is the factorization C. Theorem 1.1 no longer ap-
plies. Nevertheless, we shall see in Chapter VII that in large samples
we can often proceed by replacing £ with a suitable estimator €.

Hypothesis testing in the classical linear model relies heavily on
being able to make use of the 7- and F-distributions. However, it is
quite possible that the normality assumption of assumption (v) or (v*)
may fail. When this happens, the classical - and F-statistics generally
no longer have the ¢- and F-distributions. Nevertheless, the central
limit theorem can be applied when # is large to guarantee that g, or *
is distributed approximately as normal, as we shall see in Chapters IV
and V.
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Now consider what happens when assumption (ii) fails, so that the
explanatory variables X are stochastic. In some cases, this causes no
real problems because we can examine the properties of our estimators
“conditional” on X. For example, consider the unbiasedness prop-
erty. To demonstrate unbiasedness we use (i) to write

B.=B,+ (X'X)'X’.
If X is random, we can no longer write E((X’X) 'X’e)=

(X’X) 'X’E(e) However, by taking conditional expectations, we can
treat X as “fixed,” so we have

EBJX) = B, + E(X’'X)"'X"€X).
=B, + (X' X) ' X’E(e|X).

If we are willing to assume E(€|X) = 0, then conditional unbiasedness
follows, 1.¢.,

E(B)X)=8,.

Unconditional unbiasedness also holds as a consequence of the law of
iterated expectations (given in Chapter III), i.e.,

E(B,) = EIE(BIX)]| = E(B8,) = B,.

The other properties can be similarly considered. However, the
assumption that F(€|X) = 0is crucial. If F(€|X) # 0, 8, need not be
unbiased, either conditionally or unconditionally.

Situations in which E(€|X) # 0 can arise easily in economics. For
example, X, may contain errors of measurement. Suppose the model
is

Y=Wph+v, EWpy)=0,

but we measure W, subject to errors n,as X, = W, +n,, E(W;n,) =0,
E(min,) # 0, E(n;v)=0. Then

Y. = xlﬂo +v,— r’lﬂo = xlﬂo t€,.

With €, = v, — n,8,, we have E(X[e,) = E[(W; + n)}v, — n,B8,)] =
E(nin)B, + 0. Now E(€|]X) = 0 implies that for all ¢, E(XJe,) =0,
since E(Xle,) = E[E(Xle,X)] = E[X/E(e|X)] = 0. Hence
E(Xe,) # 0 implies E(€|/X) #+ 0. The OLS estimator will not be
unbiased in the presence of measurement errors.

As another example, consider the model



1. The Linear Model and Instrumental Variables Estimators 7

Y =Y0, + W, 4, + €, E(Wie,)=0;
€ =Pk TV, E(e,_,v) =0.

This is the case of serially correlated errors in the presence of a lagged
dependent variable y,_,. Let X,= (y,_,, W,) and B, = (a,, J.).
Again, the model is

. =Xp,t+e€,

but we have E(Xje,) = E((y,—;, W,)'€,) = (E(y,_1€,),0)’. If we also
assume E(y,_v,) = 0, E(y,—€,—,) = E(y,€,), and E(e?) = 02, it can be
shown that

E(yt—let) = agpo/( 1= poao)-

Thus E(Xe,) # 0 so that E(€]X) # 0 and OLS is not generally unbi-
ased.
As a final example, consider a system of simultaneous equations

yll = ytZao + wllao + etl ’ E(Wl’lell) = 09
Yo=WuY, + €y, E(Wie,)=0.

Suppose we are only interested in the first equation, but we know
E(e,€,) = 0, # 0. Let X, = (yo, W) and B = (a,, ;). The
equation of interest is now

Yo =XuB, t€,.

In this case E(Xji€,) = E((y2, Wy)'€y) = (E(y.€,4),0). Now
E(y.€,) = E(W,yy, + €,)€,) = E(€,€,) = 0,, + 0, assuming
E(W,€,)=0. Thus E(X}€,)= (d,,,0) # 0, so again OLS is not
generally unbiased, either conditionally or unconditionally.

Not only is the OLS estimator generally biased in these circum-
stances, but it can be shown that this bias does not get smaller as » gets
larger. Fortunately, there is an alternative to least squares that is
better behaved, at least in large samples. This alternative exploits the
fact that even when E(Xe,) # 0, it is often possible to use economic
theory to find other variables that are uncorrelated with the errors ¢, .
Without such variables, correlations between the observables and
unobservables (the errors €,) persistently contaminate our estimators,
making it impossible to learn anything about §,. Hence, these vari-
ables are instrumental in allowing us to estimate 8,, and we shall
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denote these “instrumental variables” asa 1 X /vector Z,. Then X[
matrix Z has rows Z,.

To be useful, the instrumental variables must also be closely enough
related to X, so that Z’X has full column rank. If we know from
economic theory that E(X/e,) = 0, then X, can serve directly as the set
of instrumental variables. Aswe saw previously, X, may be correlated
with €,, so we cannot always choose Z, = X,. Nevertheless, in each of
those examples, the structure of the model suggests some reasonable
choices for Z. In the case of errors of measurement, a useful set of
instrumental variables would be another set of measurements on W,
subject to errors &, uncorrelated with n,and v,,say Z, =W, + &,. Then
E(Zje,)= E[(W;+ &)v,— nB,)] = 0. In the case of serial correla-
tion in the presence of lagged dependent variables, a useful choice is
Z,=(W,W,_)), provided E(W,_,e,) = 0, which is not unreasonable.
Note that the relationy,_, =y, ,a, + W,_,d, +€,_, ensures that W,_,
will be related to y,_,. In the case of simultaneous equations, a useful
choice is Z, = (W,,,W,;). The relation y, = W,,y, + €, ensures that
W,, will be related to y,,.

In what follows, we shall simply assume that such instrumental
variables are available. However, in Chapter IV we shall be able to
specify precisely how best to choose the instrumental variables.

Earlier, we stated the important fact that almost all econometric
estimators can be viewed as solutions to an optimization problem. In
the present context, the zero correlation property E(Z/e,) = 0 pro-
vides the fundamental basis for estimating 8,. Becausee, =y, — X,8,,
B, is a solution of the equations E(Z(y, — X,8)) = 0. However, we
usually do not know the expectations E(Z]y,) and E(Z;X,) needed to
find a solution to these equations, so we replace expectations with
sample averages, which we hope will provide a close enough approxi-
mation. Thus, consider finding a solution to the equations

n
n~! 21 Z(y,— X,p)=Z(y — XB)/n=0.

=
This is a system of / equations in k unknowns. If / <k, there is a
multiplicity of solutions; if /=k, the unique solution is f, =
(Z'X)'Z’y, provided that Z’X is nonsingular; and if /> k, these
equations need have no solution, although there may be a value for §

that makes Z'(y — Xp) “closest” to zero.

This provides the basis for solving an optimization problem. Be-
cause economic theory typically leads to situations in which / = k, we
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can estimate f, by finding that value of # which minimizes the
quadratic distance from zero of Z'(y — XA8),

d(B) = (y — XB) ZP,Z'(y — Xp),

where P, is a symmetric / X / positive definite norming matrix which
may be stochastic. For now, P, can be any symmetric_positive
definite matrix. In Chapter IV we shall se¢ how the choice of P, affects
the properties of our estimator and how P, can best be chosen.

We choose the quadratic distance measure because this minimiza-
tion problem (minimize d,(8) with respect to §) has a convenient
linear solution and yields many well-known econometric estimators.
Other distance measures yield other families of estimators which we
will not consider here.

The first-order conditions for a minimum are

d(p)Ip=—2X"ZP,Z'(y — XB) = 0.

Provided that X’ ZP,Z’ X is nonsingular (for which it is necessary that
Z’X have full column rank), the resulting solution is the instrumental
variables (IV) estimator (also known as the “method of moments™
estimator)

B.=X'ZP,Z’X)"'X'ZP,Z’y.

All of the estinlators considered in this book have this form, and by
choosing Z or P, appropriately, we can obtain a large number of the
estiqators of interest to ecgnometricians. For example, with Z = X
and B, = (X’X/n)™, B, =B,, that is, the IV estimator equals the OLS
estimator. Given any Z, choosing P, = (Z’Z/n)™! gives an estimator
known as two-stage least squares (2SLS). The tools developed in the
following chapters will allow us to pick Z and P, in ways appropriate to
most of the situations encountered in economics.

Now consider the problem of determining whether ﬂ,, is unbiased.
If the model is y = X8, + €, we have

B.=(X'2P,Z2'X)"'X'ZP,Z’y
=(X'ZP,2’X)"'X’ZP,Z'(XB, + €)
=B+ (X'ZP,Z2’X)"'X'ZP,Z '€,

so that
E(B,)=8,+ E[(X'ZP,Z2'X)"'X’ZP,Z€].
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In general, it is not possible to guarantee that the second term above
vanishes, even when E(€|Z)=0. In fact, the expectation in the
second term above may not even be defined. For this reason, the
concept of unbiasedness is not particularly relevant to the study of IV
estimators. Instead, we shall make use of the weaker concept of
consistency. Loosely speaking, an estimator is “consistent” for g, if it
gets closer and closer to B, as n grows. In Chapters II and III we make
this concept precise and explore the consistency properties of OLS and
IV estimators. For the examples above in which E(€|X) # 0, it turns
out that OLS is not consistent, while consistent IV estimators are
available under general conditions.

Although we only consider linear models in this book, this still
covers a wide range of situations. For example, suppose we have
several equations that describe demand for a group of p commodities:

YII = Xllﬁl + €tl ’
Yo =XpB, + €,

Yo=X,B, 1€, =1,...,n

Now let y, be a p X 1 vector, y; = (¥, Yo, - - -
, €), let Bo=(B1, B3,

X, 0 - - - 0
0 X, -+ - 0

s Yip), let € = (€,
..., pB,) and let

1

€ - - -

X, =

o 0 - - - X,
Now X, is a p X k matrix, where k = 32_, k;and X;isa | X k; vector.
The system of equations can be written as

-Ytlw _th 0 R 0 Fﬂlq ren‘
Y2 0 X, : 0 1|8 €,
. . . . A4l
Yo} [0 0 Xy _ﬂp [ €1
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or
YI=XlﬂO+€l'
Letting y' = (1, ¥4, - - ., ¥2), X’ =(X{, X3, . . . ,X}),and € =
(e, €5, . . . ,€,), we can write this system as
y=XB,t+e

Nowyispn X 1,epn X 1,and X pn X k. This allows us to consider
simultaneous systems of equations in the present framework.

Alternatively, suppose that we have observations on an individual ¢
in each of p time periods,

Yo = Xrlﬁo + €

Yo =Xph, + €y,
Yo =X,B, 1€, t=1,...,n
Define y, and €, as above, and let
X,
X
X, =|
Lx“’J
be a p X k matrix. The observations can now be written as
yl = Xlﬂo + G‘,
or equivalently as
y=XB,te,

with y, X, and € as defined above. This allows us to consider panel
data in the present framework. Further, by adopting appropriate
definitions, the case of simultaneous systems of equations for panel
data can also be considered.

Recall that the GLS estimator was obtained from a linear transfor-
mation of a linear model, i.e.,

y* = X*ﬂo + E‘s
where y* = C™'y, X* = C~'X, and €* = C~'e for some nonsingular

matrix C. It follows that any such linear transformation can be
considered within the present framework.
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The reason for restricting our attention to linear models and IV
estimators is to provide clear motivation for the concepts and tech-
niques introduced while also maintaining a relatively simple focus for
the discussion. Nevertheless, the tools presented have a much wider
applicability and are directly relevant to many other models and
estimation techniques.
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CHAPTER I

Consistency

In this chapter we introduce the concepts needed to determine the
behavior of B, as n — .

II.1 Limits

The most fundamental concept is that of a limit.

DEeFINITION 2.1: Let {b,} be a sequence of real numbers. If there
exists a real number b and if for every real & > O there exists an integer
N(J) such that for all n = N(9), |b, — b| < J, then b is the limit of the
sequence {b,)}.

In this definition the constant J can take on any real value, but it is
the very small values of d that provide the definition with its impact.
By choosing & very small, we ensure that b, gets arbitrarily close to its
limit b for all # sufficiently large. When a limit exists we say that the
sequence {b,} converges to b as n tends to infinity, written b, — b as
n— o, When no ambiguity is possible, we simply write b, — b.

ExAMPLE 2.2: (i) Let b,= 1 — 1/n. Then b,— 1. (ii) Let b, =
(1 +a/n)". Then b, — e2. (iii) Let b,=n% Then b, — . (iv) Let
b, = (—1)". Then no limit exists.

The concept of a limit extends directly to sequences of real vectors.
Let b, be a k X | vector with real elements b,,, i= 1, . . . k. If

13
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b,— b, i=1, ...,k then b, — b, where b has elements b,, i =
1, . ..,k An analogous extension applies to matrices.

Often we wish to consider the limit of a continuous function of a
sequence. For this, either of the following equivalent definitions of
continuity suffices.

DEFINITION 2.3: Given g: Rk — R/ (k, / < ®) and b € R*, (i) the
function g is continuous at b if and only if for any sequence {b,} such
that b, — b, g(b,) — g(b); or equivalently (i1) the function g is contin-
uous at b if and only if for every € > 0 there exists d(€) > 0 such that if
a€Rkand |a,— b|< d(e), i=1, ...,k then|g(a)— g(b)<e
j=1, ..., Further, if BC R then g is continuous on B if it is
continuous at every point of B.

ExaMpLE 2.4: (i) From this it follows that if ¢, — @ and b, — b,
thena, +b,— a+ band a,b, — ab. (ii) The matrix inverse function
is continuous at every point that represents a nonsingular matrix, so
that if X’ X/n — M, a finite nonsingular matrix, then (X’ X/n)~! —
M~

Often it 1s useful to have a measure of the order of magnitude of a
particular sequence without particularly worrying about its conver-
gence. The following definition compares the behavior of a sequence
{b,) with the behavior of a power of n, say n%, where 1 is chosen so that
{b,} and {n*} behave similarly.

DEFINITION 2.5: (i) The sequence {b,} is at most of order n?,
denoted O(n?%), if and only if for some real number A, 0 <A < «, there
exists a finite integer N such that for all n= N, [n™%b,| < A. (ii) The
sequence {b,} is of order smaller than n*, denoted o(n?), if and only if
for every real number 6 > 0 there exists a finite integer N(J) such that
for all n = N(9), |n~*b,| < 4.

In this definition we adopt a convention that we utilize repeatedly in
the material to follow; specifically, we let A represent a real positive
constant that we may take to be as large as necessary, and we let J (and
similarly €) represent a real positive constant that we may take to be as
small as necessary. In any two different places A (or J) need not
represent the same value, although there is no loss of generality in
supposing that it does. (Why?)

As we have defined these notions, {b,} is O(n%) if (n™*b,} is eventu-
ally bounded, whereas {b,) is o(n*) if n=*b, — 0. Obviously, if {,} is
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o(n*), then {b,}is O(n*). Further,if{b,}is O(n%), then foreveryd > 0,
{b,}is o(n**%). When {b,} is O(n®), it is simply (eventually) bounded
and may or may not have a limit. We often write O(1) in place of
O(n®). Similarly, {b,) being o(1) means b, — 0.

ExAMPLE 2.6: (i) Let b,=4 + 2n+ 6n% Then {b,) is O(n?) and
o(n?*?) for every 6 > 0. (ii) Let b,= (—1)". Then {b,} is O(1) and
o(n?%) for every 6 > 0. (iii) Let b, = exp(—n). Then {b,} is o(n~?)
for every 4 > 0 and also O(n~9%).

If each element of a vector or matrix is O(n%) or o(n*), then that vector
or matrix is O(n%) or o(n?).

Some elementary facts about the orders of magnitude of sums and
products of sequence are given by the next result.

ProposITION 2.7: Let g, and b, be scalars. (i) If (a,,} is O(#*) and
{(b,) is O(n*), then {a,b,} is O(n **) and {a, + b,} is O(n*), where xk =
max[A, u]. (i) If (a,} is o(n*) and {b,} is o(n*), then {a,b,)} is o(n***)
and {a, + b,)iso(n*). (iii)If{a,}is O(n* and b, is o(n*), then {a,b,)
is o(n**) and {a, + b,} is O(n*).

Proof: (i) Since {a,} is O(n*) and {b,) is O(n#), there exist a A, 0 <
A < =, and an N such that, for all n = N, |[n~q,| < A and |n™#b,| < A.
Consider {a,b,). Now |n~**#a,b,| = |n~*a,n*#b,| = |n7%a,||n*b,| <
A? for all n = N. Hence {a,b,} is O(n**). Consider {a, + b,).
Now |n™*(a, + b,)| = |n " a, + n"b,| = |n"*a,| + |n~*b,| by the tni-
angle inequality. Since x = A and k = y, |[n™(a, + b,)| = |n"*a,| +
|n*b,| = |n"*a,| + |n#b,| < 2A for all n = N. Hence {a, + b,)}
is O(n*), k = max[4, u]. (ii) The proof'is identical to that of (i), replac-
ing A with every d > 0 and N with N(J). (iii) Since {a,) is O(n%),
there exist a A, 0 < A < o, and an N such that for all n = N,
[n~*a,l < A. Since {b,)} is o(n#), for every 0 > 0 there exists N(J) such
that, for all n= N(), |n™%b,|<d. Let N'(é)= max[N, N(J)].
Consider {a,b,}. Now |n~**a,b,| = |n~*a,n*b,| = |n"*a,|n*b,| <
Ad for all n = N'(6). Hence, for every 8’ = Ad there exists N”(§') =
N’(6’/A) = N’(J) such that |n~**a,b,| < ¢&’, for all n = N"(’).
Hence {a,b,} is o(n**). Since {b,} is o(n¥), it is also O(n#). That
{a,+ b,) is O(n*) follows from (i).

A particularly important special case is illustrated by the following
exercise.
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EXERCISE 2.8: Let 4, be a kX k matrix and let b, be a kX 1
vector. If {4,} is o(1) and {b,} is O(1), verify that {4,b,} is o(1).

For the most part, econometrics is concerned not simply with
sequences of real numbers, but rather with sequences of real-valued
random scalars or vectors. In almost every case these are either
averages, for example, Z, = ZJ, Z,/n, or functions of averages, such
as Z2, where (Z,) is, for example, a sequence of random scalars. Since
the Z’s are random variables, we have to allow for a possibility which
would not otherwise occur, that is, that different realizations of the
sequence {Z,} can lead to different limits for Z,. Convergence to a
particular value must now be considered as a random event and our
interest centers on cases in which nonconvergence occurs only rarely
in some appropriately defined sense.

I1.2  Almost Sure Convergence

The stochastic convergence concept most closely related to the limit
notions previously discussed is that of almost sure convergence.
Sequences that converge almost surely can be manipulated in almost
exactly the same ways as nonrandom sequences.

Let w represent the entire random sequence {Z,}. Interest typically
centers on averages such as

n

b(w)=n"'> Z,.

=]

DEFINITION 2.9: Let {b,(w))} be a sequence of real-valued random
variables. We say that b,(w) converges almost surely to b, written
b(w) === b if and only if there exists a real number b such that
Plw: b(w)— b] = 1.

The probability measure P describes the distribution of w and
determines the joint distribution function of the entire sequence {Z,).
A sequence b,(w) converges almost surely if the probability of obtain-
ing a realization of the sequence {Z,} for which convergence to b
occurs is unity. Equivalently, the probability of observing a realiza-
tion of {Z,) for which convergence to b does not occur is zero. Failure
to converge is possible but will almost never happen under this
definition. Obviously, then, nonstochastic convergence implies al-
most sure convergence.
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Since a realization of w can be regarded as a point in an infinite-di-
mensional space, b,(w) is sometimes said to converge almost every-
where (a.e.) in that space. Other common terminology is that b,(w)
converges to b with probability 1, (w.p.1) or that b,(w) is strongly
consistent for b. When no ambiguity is possible, we drop w and
simply write b, == b.

EXAMPLE 2.10: Let Z, = n~' 32, Z,, where {Z,} is a sequence of
independent identically distributed (i.i.d.) random variables with
E(Z)=u <. Then Z, = u, by the Komolgorov strong law of
large numbers (Theorem 3.1).

The almost sure convergence of the sample mean illustrated by this
example occurs under a wide variety of conditions on the sequence
(Z,). A discussion of these conditions is the subject of the next
chapter.

As with nonstochastic limits, the almost sure convergence concept
extends immediately to vectors and matrices of finite dimension.
Almost sure convergence element by element suffices for almost sure
convergence of vectors and matrices.

The behavior of continuous functions of almost surely convergent
sequences is analogous to the nonstochastic case.

ProprosITION 2.11: Given g: R* — R/ (k, / < ) and any sequence
{b,} such that b, = b, where b, and b are k X 1 vectors, if g is
continuous at b, then g(b,) — g(b).

Proof: Since b,(w)— b implies g (b,(w)) — g(b), [w: b,{(w)— b] C
[w: g(b(w))—g(b)]. Hence g = Plw: b(w)— b] = Plw:
g(b(w)) — g(b)) = 1, so that g(b,) — g(b).

This result is one of the most important in this book, since consistency

results for many of our estimators follow by simply applying Proposi-
tion 2.11.

THEOREM 2.12: Suppose
i) y=XB,te€
(i) X'e/n =>0;
(iii) X’X/n—== M, finite and positive definite.
Then B, exists a.s. for all n sufficiently large, and §, ==~ 8,.

Proof- Since X’X/n == M, it follows from Proposition 2.11 that
det(X’X/n) == det M. Because M is positive definite by (iii), det
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M > 0. It follows that det(X’X/n) > 0 a.s. for all n sufficiently large,
so (X’ X/n)~! exists a.s. for all »n sufficiently large. Hence ﬂ,, =(X'X/
n)~' X'y/n exists a.s. for all n sufficiently large.

Now ﬂ =g +(X’'X/n)"! X"e/nby (1) It follows from Proposition
2.11 that B, == B, + M~'.0 = B, given (ii) and (iii).

Theorem 2.12 is a fundamental consistency result for least squares
estimation in many commonly encountered situations. Whether this
result applies in a given situation depends on the nature of the data.
For example, if our observations are randomly drawn from a popula-
tion, as in a pure cross section, they may be taken to be i.i.d. The
conditions of Theorem 2.12 hold for i.i.d. observations provided
E(X;X,)=M, finite and positive definite, and E(Xe,) =0, since
Komolgorov’s strong law of large numbers (Example 2.10) en-
sures that X'X/n=n"'Z1, X{X, = 2*>M and X’e¢/n=n"'Zr,
X’e, == 0. If the observations are dependent (as in a time series),
different laws of large numbers must be applied to guarantee that the
appropriate conditions hold. These are given in the next chapter.

A result for the IV estimator can be proven analogously.

ExERCISE 2.13: Prove the following result. Suppose

() y=XB,t+e

(i) Z’e/n —>0;

(i) (a) Z’X/n -2 Q, finite with full column rank;
(b) P, == P, finite and positive definite.

Then §, exists a.s. for all n sufficiently large, and §, === 8, .

This consistency result for the IV estimator precisely specifies the
conditions that must be satisfied for a sequence of random vectors {Z,}
to act as a set of instrumental variables. They must be unrelated to the
errors, as specified by assumption (ii), and they must be closely enough
related to the explanatory variables so that Z’X/n converges to a
matrix with full column rank, as required by assumption (iiia). Note
that a necessary condition for this is that the order condition for
identification holds (see Fisher [1966, ch. 2]), that is, that /= k.
(Recall that Z is pn X [and X is pn X k.) For now, we simply treat the
instrumental variables as given. In Chapter IV we see how the
instrumental variables may be chosen optimally.

A potentially restrictive aspect of the consistency results just given
for the least squares and IV estimators is that the matrices X’ X/n,



1.2 Almost Sure Convergence 19

Z’X/n,and f’,, are each required to converge to a fixed limiting value.
When the observations are not identically distributed (as in a stratified
cross section, a panel, or certain time-series cases), these matrices need
not converge, and the results of Theorem 2.12 and Exercise 2.13 do
not necessarily apply.

Nevertheless, it is possible to obtain more general versions of these
results that do not require the convergence of X’ X/n, Z’ X/n, or P, by
generalizing Proposition 2.11. To do this we make use of the notion
of uniform continuity.

DEFINITION 2.14: Given g: Rk — R/ (k, | < ), we say that g is
uniformly continuous on a set B C R¥if and only if for each € > 0 there
is a d(€) > 0 such that if a and b belong to B and |a;-b,| < d(€), i =
1, ...,k then|g(a)— gb)<e j=1,...,L

Note that uniform continuity implies continuity on B but that
continuity on B does not imply uniform continuity. The essential
aspect of uniform continuity that distinguishes it from continuity is
that & depends only on € and not on . However, when B is compact,
continuity does imply uniform continuity, as formally stated in the
next result.

THEOREM 2.15 (Uniform continuity theorem): Suppose g: Rx —
R! is a continuous function on C C R, If C is compact, then g is
uniformly continuous on C.

Proof: See Bartle [1976, p. 160].

Now we extend Proposition 2.11 to cover situations where b,(w) —
a.s. .
¢, —— 0, but the sequence of real numbers {c,} does not necessarily
converge.

PROPOSITION 2.16: Let g: R* — R/ be continuous on a compact set
C CRX. Suppose that b,(w)and ¢, are k X 1 vectors such that b,(w) —
¢, —— 0 and there exists # > 0 such that for all » sufficiently large
[c:)c—c,i<nm] CC, ie., for all n sufficiently large ¢, is interior to C
uniformly in n. Then g(b,(w)) — g(c,) == 0.

Proof: Let g; be the jth element of g. Since C is compact, g; is
uniformly continuous on C by Theorem 2.15. Choose w such that
b (w)—c,— 0asn— =, Since ¢,is interior to C for all » sufficiently
large uniformly in » and b,(w) — ¢, — 0, b,(w) is also interior to C for
all n sufficiently large. By uniform continuity, for any € > 0 there
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exists d(e) > 0 such that if |b,,(w) —c,;| <€), i=1, . . ., k, then
1gi(b,(w)) — g/(c,)| <e. Sincelb,(w)— c,| < d(e) for all n sufficiently
large and almost every w, then |g;(b,(w)) — g;(c,)| < € for all n suffi-
ciently large and almost every . Hence g(b,(®)) — g(c,) = 0.

To state the results for the OLS and IV estimators below concisely,
we define the following concepts, as given by White [1982, pp
484 -485].

DEFINITION 2.17: A sequence of k X k matrices {A,} is said to be
uniformly nonsingular if and only if for some ¢ > 0 and all » suffi-
ciently large|det A,|> 6. If{A,} is a sequence of positive semidefinite
matrices, then {A,} is uniformly positive definite if and only if {A,} is
uniformly nonsingular. If {A,} is a sequence of / X k matrices, then
{A,} has uniformly full column rank if and only if there exists a
sequence of k X k submatrices {A¥} which is uniformly nonsingular.

If a sequence of matrices is uniformly nonsingular, the elements of
the sequence are prevented from getting “too close” to singularity.
Similarity, if a sequence of matrices has uniformly full column rank,
the elements of the sequence are prevented from getting “too close” to
a matrix with less than full column rank.

Next we state the desired extensions of Theorem 2.12 and Exercise
2.13.

THEOREM 2.18: Suppose

(i) y=XB,te

(i) X'e/n—=>0;

(iii) X’'X/n—M, == 0, where {M,,} is O(1) and uniformly posi-
tive definite.

Then B, exists a.s. for all n sufficient by large and 8, = ,.

Proof: Because M,,is O(1) for all n sufficiently large, it follows from
Proposition 2.16 that det(X’ X/n) — det M,—~ 0. Since det M, >
Jd > 0 for all # sufficiently large by Definition 2.17, it follows that
det(X’'X/n) > 6/2 > 0 for all n sufficiently large almost surely, so that
(X’X/n)y! exists a.s. for all n sufficiently large. Hence 8, = (X’ X/
ny'X’y/n exists a.s. for all » sufficiently large.

Now an B, +(X’'X/n)"'X’€e/n by (i), It follows from Proposition
2.16 that 8, — (B, + M;'.0) === 0 or B, =~ B,, given (ii) and (iii).
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Compared with Theorem 2.12, the present result relaxes the re-
quirement that X’X/n = M and instead requires that X’X/n —
M, == 0, allowing for the possibility that X’ X/n may not converge
toa fixed limit. Note that the requirementdet M,, > 6 > 0 ensures the
uniform continuity of the matrix inverse function.

The proof of the IV result requires a demonstration that {Q,P,Q,}
is uniformly positive definite under appropriate conditions. These
conditions are provided by the following result.

LemMma 2.19: If {A,} is a O(1) sequence of /X k matrices with
uniformly full column rank and (B,} is a O(1) sequence of uniformly
positive definite / X / matrices, then {A,B,A,) and {A.B,'A,} are
O(1) sequences of uniformly positive definite k£ X k matrices.

Proof- See White [1982, Lemma A.3].

ExERcISE 2.20: Prove the following result. Suppose

(i) y=XB te
(i) Z’e/n =>0;
(iii) (@) Z'X/n—Q, =0, where {Q,} is O(1) and has uni-
formly full column rank;
(b) P,— P, =0, where {P,} is O(1) and uniformly posi-
tive definite

Then B, exists a.s. for all n sufficiently large, and g, ==~ 8, .

The notion of orders of magnitude extends to almost surely conver-
gent sequences in a straightforward way.

DEFINITION 2.21: (i) The sequence {b,(w)} is at most of order n*
almost surely, denoted O, (n%), if there exists a O(1) nonstochastic
sequence {a,) such that n™b,(w) — a, == 0. (ii) The sequence
{b(w)} is of order smaller than n* almost surely, denoted o, (n?), if
n~*b,(w) = 0.

Proposition 2.7 remains valid when O(n?) and o(n*) are replaced by
0,.(n*) and o,,(n%), as the following result shows.

EXERCISE 2.22: Prove the following. Let a, and b, be random
scalars. (i) If {a,} is O,,(n*) and {b,} is O,.(n*), then {a,b,} is
O,.(n*™*) and {a,+ b,} is O, (n*), k= max[4, u]. (i) If {a,) is
0,,(n% and {b,} is 0,,(n*), then {a,b,) is 0, (n***) and {a,+ b,} is
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0,5(n%). (iii) If {a,} is O,,(n* and {b,} is 0,.(n*), then {a,b,) is
0, (n**) and {a, + b,}is O, (n*). (Hint: Since {a,} is O, ,(n?), there
exists a O(l) nonstochastic sequence {c,} such that n™a,(w)—
c,— 0, and ¢, lies interior to a compact set C = [—A, A] for all n
sufficiently large uniformly in n. Apply Proposition 2.16.)

I1.3 Convergence in Probability

A weaker stochastic convergence concept is that of convergence in
probability, which is now defined.

DEeFINITION 2.23: Let {b,(w))} be a sequence of real-valued random
variables. If there exists a real number b such that for every € > 0,
Plw: |b,(w) — b| < €] — 1 as n — =, then b,(w) converges in proba-
bility to b, written b,(w) £ b.

With almost sure convergence the probability measure P takes into
account the joint distribution of the entire sequence {Z,}, but with
convergence in probability, we only need concern ourselves sequen-
tially with the joint distribution of the elements of {Z,} that actually
appear in b,(w), typically the first . When a sequence converges in
probability, it becomes less and less likely that an element of the
sequence lies beyond any specified distance € from b as # increases.
The constant b is called the probability limit of b,.

Convergence in probability is also referred to as weak consistency,
and since this has been the most familiar stochastic convergence
concept in econometrics, the word “weak” is often simply dropped.

The relationship between convergence in probability and almost
sure convergence is specified by the following result.

THEOREM 2.24: lE,et {b,} be a sequence of random variables. If
b, === b, then b, — b. If b, — b, then there exists a subsequence
{b,} such that b, == b.

Proof: See Lukacs [1975, p. 48].

Thus almost sure convergence implies convergence in probability,
but the converse does not hold. Nevertheless, a sequence that con-
verges in probability always contains a subsequence that converges
almost surely. Essentially, convergence in probability allows more
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erratic behavior in the converging sequence than almost sure conver-
gence, and by simply disregarding the erratic elements of the sequence
we can obtain an almost surely convergent subsequence. For an
example of a sequence that converges in probability but not almost
surely, see Lukacs [1975, pp. 34-35].

EXAMPLE 2.25: Let Z,=n"! 3, Z,, where (Z,) is a sequence of
random variables such that E(Z,) = 4, var Z,=o0*<>forall t and
cov(Z,, Z,)=0fort +# 7. Then Z, £ 1t by the Chebyshev weak law
of large numbers (Rao [1973, p. 1 12])

Note that, in contrast to Example 2.10, the random variables here
are not assumed either to be independent (simply uncorrelated) or
identically distributed (except for having identical mean and var-
iance). However, second moments are restricted by the present result,
whereas they are completely unrestricted in Example 2.10.

Note also that, under the conditions of Example 2.10, convergence
in probability follows immediately from the almost sure convergence.

In general, most weak consistency results have strong consistency
analogs that hold under identical or closely related conditions. For
example, strong consistency also obtains under the conditions of
Example 2.25. These analogs typically require somewhat more so-
phisticated techniques for their proof.

Vectors and matrices are said to converge in probability provided
each element converges in probability.

To show that continuous functions of weakly consistent sequences
converge to the functions evaluated at the probability limit, we use the
following result.

ProPosITION 2.26 (The implication rule): Consider events E and
F,i=1,. , k, such that E D% F,. Then P[E]) < 2k, P[F¢).

Proof: See Lukacs [1975, p. 7].

PROPOSITION 2.27: Given g: R* — R/ and any sequence {b,} such
that b, = b, where b, and b are k X 1 vectors, if g is continuous at
b, then g(b, ) 2 g(b).

Proof: Letg beanelementofg. Foreverye > 0, the continuity of g
implies that there exists d(€) > 0 such that if |b,,(w) — b < (), i =
I, ...,k then |g(b(w))— gi(b)|<e. Define the events F,=
[w:]b,(@) — bl < d(€)] and E = [w:|gi(h,(w)) — g;(b)| <€]. Then
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E D Mk, F;. By the implication rule, P[E} = =k P[F¢]. Since
b, > b, for arbitrary 5> 0, and all n sufficiently large, P[F¢] < .
Hence P[E°] =< kn, or P[E]= 1 — kn. Since P[E] =<1 and 75 is
arbitrary, P[E]— 1 as n — «, hence gj(b (w)) £ g(b). Since this
holds forall j= 1, L, g(b (w)) = g(b).

This result allows us to establish direct analogs of Theorem 2.12 and
Exercise 2.13.

THEOREM 2.28: Suppose

(i) y=XB te
(i) Xen—> 0
() X’'X/n 2. M, finite and positive definite.

Then B, exists in probability, and B, 5 B..

Proof: The proof is identical to that of Theorem 2.12 except that
Proposition 2.27 is used instead of Proposition 2.11 and convergence
in probability replaces convergence almost surely.

The statement that ﬂ exists in probablllty can be understood to
imply that there exists a subsequence { ﬂ,, } such that ﬂ,, exists almost
surely for all n; sufficiently large, by Theorem 2.24. In other words,
X’X/n can converge to M in such a way that X’ X/n does not have an
inverse for each n, so that ﬂ,, may fail to exist for particular values of n.
However, a subsequence of {X’X/n} converges almost surely, and for
that subsequence, g, will exist for all »; sufficiently large.

EXERCISE 2.29: Prove the following result. Suppose

(i) y=XB,+e

() Z’e/n RN 0;

(i) (a) Z’ X/n 2 Q, finite with full column rank;
(b) P 2 P, finite and positive definite.

Then f, exists in probability, and §, = B, .

Whether or not these results apply in particular situations depends
on the nature of the data. As we mentioned before, for certain kinds
of data it is restrictive to assume that X’ X/n, Z’ X/n, and 13,, converge
to constant limits. We can relax this restriction by using an analog of
Proposition 2.16. This result is also used heavily in later chapters.
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ProrosiTION 2.30: Let g: R¥ — R/ be continuous on a compact set
C C R*. Suppose that b,(w) and ¢, are k X 1 vectors such that b,(w) —
2.0, and forall n suﬁimently large, ¢, is interior to C, uniformly in
n Then g(b,(w)) — gl(c, )= 0.

Proof: Let g;be an element of g. Since Cis compact, g;is uniformly
continuous by Theorem 2.15, so that for every € > 0 there exists
o(e) >0 such that if |b(w)—c,|<de), i=1,...,k then
1gi(b,(w)) — gi(c,)| < €. Define the events F;= [w:|b,;(w) — c,| <
é(e)] and E = [w: |g;(b,(w)) — gj(c )I<e€]l. Then EDNL, F,. By the
implication rule, P[E] < T, P[F¢]. Since b (w)— c,— 0, for
arbitrary n > 0 and all » sufficiently large, P[F¢] = n. Hence P[E] =
kn,or P[E]1=1—kn. Since P[E] = 1 and gnis arbitrary, P[E] — 1 as
n— , hence g;(b,(w)) — gj(c )= 0. Since this holds for all j=
1, 1, g(b () — glc,) = 0.

THEOREM 2.31: Suppose
i) y=XB,+¢

(i) Xe/n—>0;
(i) X'X/n— L 0, where {M,,} is O(1) and uniformly positive
definite.

Then B, exists in probability, and 8, = B, .

Proof: The proof is identical to that of Theorem 2.18 except that
Proposition 2.30 is used instead of Proposition 2.16 and convergence
in probability replaces convergence almost surely.

ExERCISE 2.32: Prove the following result. Suppose

i) y=Xg,+e
(i) Z'e€/n—>0;
(iii) (@) Z'X/n—Q, £ 0, where {Q,} is O(1) and has uniformly
full column rank;
(b) P,—P, £, 0, where {P,} is O(1) and uniformly positive
definite.

Then B, exists in probability, and f, LN B..

As with convergence almost surely, the notion of orders of magni-
tude extends directly to convergence in probability.
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DEFINITION 2.33: (i) The sequence {b,(w))} is at most of order n* in
probability, denoted O(n?), if there ex1sts an O(1) nonstochastic
sequence {a,} such that n=*b (w) — a, 2. 0. (ii) The sequence (b (o)
is of order smaller than n* in probabzlzty, denoted o,(n%), if

n~b,(w) 20.

When a sequence {b,(w)} is Oy(1), we say it is bounded in probabil-
ity, which is equivalent to the statement that for any arbitrarily small
0 > 0 there exists A < < and an integer N sufficiently large such that
Plw:|b(w)| > A] <4, forall n = N.

ExaMPLE 2.34: Let b,(w) = Z,,, where {Z,} is a sequence of identi-
cally distributed N(0, 1) random variables. Then P[w:|b,(w)|> A] =
Pl|Z,| > A] = 2®(—A) for all n = 1, where ® is the standard normal
cumulative distribution function (c.d.f.). By making A sufficiently
large, we have 2d(— A) < ¢ for arbitrary 6 > 0. Hence, b,(w) = Z,is
O,(1).

Note that @ in this example can be replaced by any c.d.f. Fand the
result still holds, 1.e., any random variable Z with c.d.f. Fis Oy(1).

EXERCISE 2.35: Prove the following. Let a, and b, be random
scalars. (i) If {a,} is Oy(n*) and {b,} is Oy(n*), then {a,b,} is Oy(n***)
and{a, + b,} is O(n*), k = max[4, u]. (ii)If{a,}is o, (n*) and {b,} is
o,(n*), then {a,b,} is o, (n***) and {a, + b,} is o, (n*). (iii) If {a,} is
Oy(n*) and {b,} is o, (n*), then {a,b,} is o (n***) and {a,+ b,} is
O(n*). (Hint: Apply Proposition 2.30.)

One of the most useful results in this chapter is the following
corollary to this exercise, which is applied frequently in obtaining the
asymptotic normality results of Chapter IV,

COROLLARY 2.36 (Product rule). Let A, be kX k and let b, be
kX 1. If (4,) is o(1) and b, is O,(1), then {4,b,} is 0,(1).

Proof: Let a,= A,b, and 4,= [4,;]. Then a,, = 2k, 4,b,.
Since {4,;} is o,(1) and {b,} is Oy(1), {4,;b,} is o, (1) by Exercise
2.35(iii). Hence, {a,;} is o (1), since it is the sum of k terms each of
which is o,(1). It follows that {a, = 4,b,} is 0,(1).
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I1.4 Convergence in rth Mean

The convergence notions of limits, almost sure limits, and probabil-
ity limits are those most frequently encountered in econometrics, and
most of the results in the literature are stated in these terms. Another
convergence concept often encountered in the context of time series
data is that of convergence in the rth mean.

DEFINITION 2.37: Let b,(w) be a sequence of real-valued random
variables. If there exists a real number b such that
E(|b,(w)— b]") — 0 as n — « for some r > 0, then b, (w) converges in
the rth mean to b, written b,(w) = b.

The most commonly encountered occurrence is that in which r = 2,
in which case convergence is said to occur in quadratic mean, denoted
b, (w) =25 b, Alternatively, b is said to be the limit in mean square of
b,(w), denoted Li.m. b,(w) = b.

A useful property of convergence in the rth mean is that it implies
convergence in the sth mean for s <r. To prove this, we use Jensen’s
inequality, which we now state for convenience.

ProOPOSITION 2.38 (Jensen’s inequality). Let g: R! — R! be a con-
vex function on an interval B C R! and let Z be a random variable
such that P[Z € B] = 1. Then g(E(Z)) < E(g(Z)). If gis concave
on B, then g(E(Z)) = E(g(Z)).

Proof: See Rao [1973, pp. 57-58].

EXAMPLE 2.39: Let g(z) =|z|. It follows from Jensen’s inequality
that|E(Z)| = E|Z|. Letg(z) =2z2 Itfollowsfrom Jensen’s inequality
that E(Z)? < E(Z?).

THEOREM 2.40: If b,(w) = b and r > s, then b,(w) =" b.

Proof: 1et g(z)=z9, q<1,z=0. Then gis concave. Set z=
|b,(w) — b]" and g = s/r. From Jensen’s inequality,

E(|by(w) — bl) = E({|b,(w) — bI"}*")
= {E(|by(w) — bI}"".

Since E(|b,(w)— b|")— 0, it follows that E(|b,(w)— b|*)— 0,
b (w) == b.

Convergence in the rth mean is a stronger convergence concept
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than convergence in probability, and in fact implies convergence in
probability. To show this, we use the generalized Chebyshev inequal-
ity.

PROPOSITION 2.41 (Generalized Chebyshev inequality): l.et Zbea
random variable such that E|Z|" <, r > 0. Then for every € > 0,

Pl|Z|= €] = E(1Z])/€".

Proof: See Lukacs [1975, pp. 8-9].
Setting r = 2 gives the familiar Chebyshev inequality.

THEOREM 2.42: If b(w) == b for some r > 0, then b,(w) = b.

Proof- Since E(|b,(w) — b|") — 0asn — =, E(|b,(w) — b|") < = for
all n sufficiently large. It follows from the generalized Chebyshev
inequality that, for every € > 0,

Plw:|b,(w) — b| = €] = E(|b,(w) — b|")/€".

Hence Plw:|b,(w)— b|<e€]=1— E(|b,(w) — b|")/e"— 1 as n — oo,
since b,(w) == b. It follows that b,(w) = b.

Without further conditions, no necessary relationship holds be-
tween convergence in the rth mean and almost sure convergence. For
further discussion, see Lukacs [1975, ch. 2].

Since convergence in the rth mean will be used primarily in specify-
ing conditions for later results rather than in stating their conclusions,
we provide no analogs to the previous consistency results for the least
squares or IV estimators.
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CHAPTER I

Laws of Large Numbers

In this chapter we study laws of large numbers, which provide
conditions guaranteeing the stochastic convergence (e.g., of Z’X/n
and Z’e/n, required for the consistency results of the previous
chapter. Since different conditions will apply to different kinds of
economic data (e.g., time series or cross section), we shall pay particu-
lar attention to the kinds of data these conditions allow. Only strong
consistency results will be stated explicitly, since strong consistency
implies convergence in probability (by Theorem 2.24),

The laws of large numbers we consider are all of the following form.

ProprosITION 3.0: Given restrictions on the dependence, heteroge-
neity, and moments of a sequence of random variables {Z,},
Z,—ji,~——0,where Z,=n"'3", Z,and ji, = E(Z,).

The results that follow specify precisely which restrictions on the
dependence, heterogeneity (i.e., the extent to which the distributions
of the Z, may differ across t) and moments are sufficient to allow the
conclusion Z, — E(Z,)—=>-0 to hold. As we shall see, there are
sometimes trade offs among these restrictions; for example, relaxing
dependence or heterogeneity restrictions may require strengthening
moment restrictions.

III.1 Independent Identically Distributed
Observations

The simplest case is that of independent identically distributed
(i.i.d.) random variables.

29
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THEOREM 3.1 (Komolgorov): Let {Z,} be a sequence of iid.
random variables. Then Z, ==~y if and only if E|Z]<® and
E(Z)=pu

Proof- See Rao [1973, p. 115].

An interesting feature of this result is that the condition given is
sufficient as well as necessary for Z, === . Also note that since {Z,}
isiid., E(Z,)=pu.

To apply this result to econometric estimators we have to know that
the summands of Z'X/n=n"' 37, Z;X,and Z'e/n=n"' 1, Zle,
arei.i.d. Thisoccurs when the elementsof{(Z,, X,, €,)’}arei.i.d. To
prove this, we use the following result.

ProrosITION 3.2: Let g: R* — R’ be a continuoust function. (i)
Let Z, and Z, be identically distributed. Then g(Z,) and g(Z,) are
identically distributed. (ii) Let Z, and Z, be independent. Then
g(Z,) and g(Z,) are independent.

Proof: (1) Let ¥, =g(Z), ¥, = g(Z,). Let A =[z:g(2) = a].
Then F(a)= P[¥Y,<al=P[Z,€ A]=P[Z,€ A]=P[¥,=d] =
F,(a) for all a € R*, Hence g(Z,) and g(Z,) are identically dis-
tributed. (ii) Let 4, = [z:g2(2) = a,], 4, = [z:2(2) = a,]. Then
Flr(ala a2) = P[Cyl = q, ‘yt = a2] = P[Zl € Ala Zr € A2]=
P[Z,€ A\JP[Z. € A4, )1=P[Y,= a||PY, = a,] = F(a,)F(a,)forall
a,, a, € R*. Hence g(Z,) and g(Z,) are independent.

ProrosiTiON 3.3: If {((Z,, X,, €)'} is an i.i.d. random sequence,
then (X[ X,}, {XJe,), {Z;X,}, (Z}¢,}, and {Z;Z,} are i.i.d. sequences.

Proof: Immediate from Proposition 3.2(i) and (ii).

To write the moment conditions on the explanatory variables in
compact form, we make use of the Cauchy-Schwartz inequality,
which follows as a corollary to the following result.

ProrosiTioN 3.4 (Hélder's inequality): If p>1 and 1/p+
1/g=1 and if E|Y|?P < » and E|Z|? < », then E|Y Z| =< [E|Y|F)"/r
[E)1Z|9]"a.

Proof: See Lukacs [1975, p. L1].

+ This result also holds for measurable functions, defined in Definition 3.21.
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If p = g = 2, we have the Cauchy-Schwartz inequality,
E\YZ|< E(Y?)'? E(Z?)"2.

The i, jthelement of X; X, isgiven by 2#_, X,;,X ;;, and it follows from
the triangle inequality that

P P
E thixthj = 2 'Xthixlhjl'
h=l1 h=1

Hence,

P P
E ;,2 X i Xoni| = hz E|X i Xl
=1 =1

P
= ¥ (EXul)HE X D)2
A=
by the Cauchy-Schwartz inequality. It follows that the elements of
X; X, will have E|1Z2_ X, X, < (as we require to apply Komol-
gorov’s law of large numbers), provided simply that E|X,,;|? < o for all
hand .
Combining Theorems 3.1 and 2.12, we have the following OLS
consistency result for i.i.d. observations.

THEOREM 3.5: Suppose

(i) y=XB,+te
(i) {(X,, €)'} isan i.i.d. sequence;
() (a) E(X(e)=0;
(b) EX€u <o, h=1,...,pi=1,...,k
(v) @ EXp2<o,h=1,...,pi=1,...,k
(b) M = E(X/X,) is positive definite.

Then B, exists a.s. for all n sufficiently large, and §,— 8,.

Proof: Given (i), {XJe,}) and (XX,) are i.i.d. sequences. The
elements of X/e¢, and X; X, have finite expected absolute values, given
(ii1) and (iv) and applying the Cauchy ~Schwartz inequality as above.
By Theorem 3.1, X'e/n=n""' =i, X/, =~ 0,and X’ X/n=n"' 3",
X/X,= M, finite and positive definite, so the conditions of
Theorem 2.12 are satisfied and the result follows.

This result is useful in situations in which we have observations
from a random sample, as in a simple cross section. The result does
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not apply to stratified cross sections since there the observations are
not identically distributed across strata and generally will not apply to
time-series data, since there the observations (X,, €,) generally are not
independent. For these situations, we need laws of large numbers that
do not impose the 1.i.d. assumption.

Since (i) is assumed, we could equally well have specified (ii) as
requiring that {(X,, y,)’ }isani.i.d. sequence and then applied Proposi-
tion 3.2, which implies that {(X,, €,)’} isan i.i.d. sequence. Next, note
that conditions sufficient to ensure E(X;€,) = 0 would be X, indepen-
dent of €, for all ¢t and E(e,) = 0; alternatively, it would suffice that
E(e,|X,)=0. This latter condition follows if E(y,|X,) = X,f, and we
define €, ase, =y, — E(y|X,)=y,— X,B,. Both of these alternatives
to (iii) are stronger than the simple requirement that E(XJe,) = 0.
Note that no restrictions are placed on the second moment of €, in
obtaining consistency for ,. In fact, €, can have infinite variance
without affecting the consistency of g, for g, .

The result for the IV estimator is analogous.

EXERCISE 3.6: Prove the following result. Given

(i) y=XB te
(i) ((Z,, X,, €)'} an i.id. sequence;
(i) (a) E(Zie,)=0;

(b) ElZlh, Ih|<°oh—1 ..,p,i=1,...,l;
(iv) (a) E|Z,,,,X,,,j|<°° h=1, ., pi=1,..., [ and
j=1,

by Q= E(Z X ) has full column rank;
(c) P =2 P, finite and positive definite.

Then ﬁ,, exists a.s. for all n sufficiently large, and £, = 8,.

II1.2 Independent Heterogeneously
Distributed Observations

For cross-sectional data, it is often appropriate to assume that the
observations are independent but not identically distributed. The
failure of the identical distribution assumption results from stratifying
(grouping) the population in some way. The independence assump-
tion remains valid provided that sampling within and across the strata
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is random. A law of large numbers useful in these situations is the
following.

THEOREM 3.7 (Markov). Let {Z,) be a sequence of independent
random variables, with finite means y, = E(Z,). If for some 6> 0,
Sr (E1Z,— p)*0)/1*+% < oo, then Z, — g, —— 0.

Proof: See Chung [1974, pp. 125-126).

In this result the random variables are allowed to be heterogeneous
(i.e., not identically distributed), but the moments are restricted by the
condition that =2, E|Z, — u,|'*¢/1'*4 < o, known as Markov’s con-
dition. If § = 1, we have a law of large numbers due to Komolgorov
(e.g., see Rao [1973, p. 114]). But Markov’s condition allows us to
choose ¢ arbitrarily small, thus reducing the restrictions imposed on
Z,.

By making use of Jensen’s inequality and the following useful
inequality, it is possible to state a corollary with a simpler moment
condition.

PrROPOSITION 3.8 (The ¢, inequality): Let ¥ and Z be random
variables with E|Y|” <« and E|Z|" < « for some r > 0. Then
EY +ZI"'sc(E\Y|+ E|Z|"),
where c,=lifr<landc,=2"1ifr> 1.
Proof: See Lukacs [1975, p. 13].

COROLLARY 3.9: Let {Z,} be a sequence of independent random
variables such that E|Z,|'*® < A < for some § > 0 and all #. Then
Z” - /2" a.s. 0.

Proof: By Proposition 3.8,
E|Z,— p |0 = 2AE|Z,|"*° + u,|'*9).
By assuming that E|Z,|'*% < A and using Jensen’s inequality,
| = E\Z/|= (E|Z|"*2) 1049,
It follows that for all ¢,
e < A.
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Hence, forall 1, E|Z, — u,|'*® < 2'*%A. Verifying the moment condi-
tion of Theorem 3.7, we have

2 E|Zz _,U,|1+6/tl+6 <L QIS A 2 l/tl+5 < oo,

=1 =1
since =i, 1/t'*¢ <« forany 6 > 0. Hence the conditions of Theorem
3.7 are satisfied and the result follows.

Compared with Theorem 3.1, this corollary imposes slightly more
in the way of moment restrictions but allows the observations to be
rather heterogeneous.

It is useful to point out that a nonstochastic sequence can be viewed
as a sequence of independent, not identically distributed, random
variables where the distribution function of these random variables
places probability one at the observed value. Hence, Corollary 3.9
can be applied to situations in which we have fixed regressors, pro-
vided they are uniformly bounded, as the condition E|Z,|'*¢ < A <
requires. Situations with unbounded fixed regressors can be treated
using Theorem 3.7.

To apply Corollary 3.9 to the linear model, we use the following fact.

ProrosiTioN 3.10: If {(Z,, X,, €,)’} is an independent sequence,
then {X/X,}, {X/¢,}, (Z;X,}, {Z€,}), and {Z;Z,} are independent
sequences.

Proof: Immediate from Proposition 3.2(ii).

To simplify the moment conditions that we impose, we use the
following consequence of Holder’s inequality.

ProprosITION  3.11 (Minkowski’s inequality). If q=1 and
E|Y|?2<«and E|Z|? < », then

EIY + Z| < [(E|Y 19+ (E|Z|7)"].
Proof: See Lukacs [1975, p. 11].
To apply Corollary 3.9 to X;X,, we need to ensure that

E|Z2_| X, X' is bounded uniformly in ¢. This is accomplished
by the following corollary.

COROLLARY 3.12: Suppose E|X3,|'* < A < » for some ¢ > 0, all
h=1,...,p,i=1, ..., kandallt. Then eachelementofXX,
satisfies E|Z2_| X, X|""* <A’ < for some >0, all i, j=
1, ...,k and all 1, where A’ = p'+9A,
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Proof: By Minkowski’s inequality,

1+6 P 1+6
= I:E (E|thixmj|'+‘s)l/“+'s):|

h=1

E

P
2 thixlhj
h=1

By the Cauchy-Schwartz inequality,
ENX ) Xpl "+ < [E|X3, "] E X301 2.

Since E|X%, " <A<o h=1,...,pi=1,...,k, it follows
thatforallA=1, ... ,pandij=1, ...,k
Elxthixthjll‘Hs = AV A2 = A,
so that
r 1+46 P 1+46
F[$ x| <] s
A= A=

=pItA=A".

The requirement that E|X3,|'*% < A < « means that all the explana-
tory variables have moments slightly greater than 2 uniformly
bounded. A similar requirement is imposed on the elements of Xe,.

EXERCISE 3.13: Show that if E|X,;€,,|'t° < A < « for some é > 0,
allh=1,...,p,i=1, ..., k andall¢ then each element of X/e,
satisfies E|22_ X,,€,4/'t° <A’ <o forsomed > 0,alli=1, . . . |k,
and all ¢, where A’ = p'*9A,

We now have all the needed results to obtain a consistency theorem
for the ordinary least squares estimator. Since the argument is analo-
gous to that of Theorem 3.5 we state the result as an exercise.

EXERCISE 3.14: Prove the following result. Suppose

(i) y=XB+¢€
(i) {(X,, €,)’} is an independent sequence;
(1) (a) E(X(e)=0;
(b) E|X€4'""° <A< forsomed>0,al h=1, ...

pi=1 ... ,kandallg¢
(iv) (@) E|IX3|'""*<A<w for some >0, all h=1, ...,
p,i=1 ..., kandall¢

(b) M, = E(X’X/n) is uniformly positive definite.

Then B, exists a.s. for all n sufficiently large, and g, ==~ B, .
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Compared with Theorem 3.5, we have relaxed the identical distri-
bution assumption at the expense of imposing slightly greater moment
restrictions in (iiib) and (iva). Also note that (iva) implies that M, is
O(1). (Why?)

The extra generality we have gained now allows treatment of situa-
tions with fixed regressors, or observations from a stratified cross
section, and also applies to models with heteroskedastic errors. None
of these cases is covered by Theorem 3.5.

The result for the IV estimator is analogous.

THEOREM 3.15: Suppose

() y=XB,te
(i) ((Z,, X,, €)'} is an independent sequence;
(1) (a) E(Zie)=0;
(b) E\Z,€," <A< for some 6>0, all h=1,

p,i=1, ,l,and all ¢;
(iv) (a) E|Z,,,,X,,,J| +5 < A< for some 6 >0, all h=1,
pi=1, . I j= , k,and all t;

(b) Q E(Z'X/n) has umformly full column rank;
(c) P — P, 20, where {P,} is O(1) and uniformly posi-
tive deﬁmte

Then B, exists a.s. for all » sufficiently large, and f, === B,.

Proof: By Proposition 3.9, {Z/€,} and {Z,X,)} are independent se-
quences with elements satisfying the moment condition of Corollary
3.8, given (iiib) and (iva), by arguments analogous to those of Corol-
lary 3.12 and Exercise 3.13. It follows from Corollary 3.9 that
Z'e/n~>0and Z'X/n — Q,—~ 0, where Q, is O(1) given (iva) as a
consequence of Jensen’s inequality. Hence, the conditions of Exer-
cise 2.20 are satisfied and the results follow.

II1.3 Dependent Identically Distributed
Observations

The assumption of independence is often inappropriate for eco-
nomic time series, which typically exhibit considerable dependence.
To cover these cases, we need laws of large numbers that allow the
random variables of our model to be dependent. To speak precisely
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about the kinds of dependence allowed, we need to make explicit some
fundamental notions of probability theory that we have so far used
implicitly.

DEFINITION 3.16: A family (collection) 3 of subsets of a set Q is a
o-field (o-algebra) provided

(i) @ and Q belong to §;

(i1) if Fbelongs to {, then F¢(the complement of F in Q) belongs
to &3

(i) if {F;} is a sequence of sets in ¥, then U7, F; belongs to F.

ExAaMPLE 3.17: (i) Let Q be any set, and let § be the family of all
subsets of Q. (ii) Let § be the family consisting of the following two
subsets of Q: Q and &.

ExAMPLE 3.18: The Borel field B is the smallest collection of sets
(called the Borel sets) that includes

() allintervals (z:—®» <z=a),a€R;
(i) the complement B¢ of any set B in B;
(iii) the union U, B; of any sequence {B;} in B.

The Borel sets of R just defined are said to be generated by all the
closed half-lines of Rin (i). The same Borel sets would be generated by
all the open half-lines of R, all the open intervals of R, or all the closed
intervals of R. These Borel sets have the property that if P is a
probability measure and B € B, then P[B] is well defined. There do
exist subsets of the real line not in B for which probabilities are not
defined, but constructing such sets is very complicated. Thus we can
think of the Borel field as consisting of all the events on the real line to
which we can assign a probability. Sets notin B will not define events.

The Borel field just defined relates to real-valued random variables.
A simple extension covers vector-valued random variables.

DEFINITION 3.19: The Borel field B7, g < =, is the smaliest collec-
tion of sets that includes

(i) all intervals {z:—o < z =g} where z is a ¢ X | vector and
a € Ry,

(1) the complement B¢ of any set B in B9,

(i1i)) the union U7, B; of any sequence {B;} in B9,
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The same collection of sets B9 is also generated by all the open (or
closed) sets of R4, as well as by all the open intervals of R?. In this
notation, B and B! mean the same thing.

Recall that in the previous chapter we let a point w correspond to an
infinite sequence of random variables {Z,}. Generally, we are inter-
ested in infinite sequences {(2.,, X,, €,)’}. If p =1, this is a sequence
of random (/ + k + 1) X 1 vectors, whereas if p > 1, this is a sequence
of (/ + k + 1) X pmatrices. Nevertheless, we can convert these matri-
ces into vectors by simply stacking the columns of a matrix, one on top
of the other, to yield a p(/+k+1)X1 vector, denoted
vec(Z,, X,, €,)’. (In what follows, we drop the vec operator and
understand that it is implicit in this context.) Generally, then, we are
interested in infinite sequences of g-dimensional random vectors,
where ¢g=p(/ + k + 1). Corresponding to these are the Borel sets of
R4, defined as the Cartesian product of a countable infinity of copies of
R, RE=R7XR?X. ... Inwhat follows we can think of w taking
its values in = R%. The events in which we are interested are the
Borel sets of RZ, which we define as follows.

DEeFINITION 3.20: The Borel sets of R, denoted {, are the smallest
collection of sets that includes

(i) all sets of the form X, B;, where each B; € B? and B, = R?
except for finitely many i;

(i) the complement F* of any set Fin &;

(ii1) the union U7, F; of any sequence {F;} in 3.

A set of the form specified by (i) is called a measurable finite-dimen-
sional product cylinder, so § is the Borel o-field generated by all the
measurable finite-dimensional product cylinders. The events to
which we shall assign probabilities are the Borel sets of RZ , i.e., those in
¥. A probability space consists of the triple (Q, &, P), where P is the
probability function for e that will determine the joint p.d.f. of {Z,}.

When g = 1, the elements of the sequence {Z,} can be thought of as
functions from Q = R} to the real line R that simply pick off the sth
coordinate of w. This is made explicit by writing Z (w) in place of
Z,. When g> 1, Z,(w) maps R? into R?.

DEFINITION 3.21: A function g on Q to R is §-measurable if for
every real number a the set [w : g(w) =a] € F.

ExAMPLE 3.22: Setg = 1. Then Z (w) as just defined is F-measur-
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able since [w:Z,(w)=a] = [z, - - -, Zim1s Z4s Zgg1y - - 151 <
o ..,z <o z,=q,z, <o ...]€Ffforanya.

’

When a function is §-measurable, it means that we can express the
probability of an event, say, [Z, < 4], in terms of the probability of an
eventin g, say, [w: Z,(w) = a]. In fact, a random variable is precisely
an §-measurable function from Q to R.

In Definition 3.21 the o-field § can be replaced by any o-field &, in
which case we say that the function of g is §-measurable. When the
o-field is taken to be &, the Borel sets of RZ, we shall drop explicit
reference to ¥ and simply say that the function g is measurable.
Otherwise, the relevant o-field will be explicitly identified.

ProrosiTiON 3.23: Let fand g be §-measurable real-valued func-
tions, and let ¢ be a real number. Then the functions ¢f, f+ g, fg, and
|f] are also §-measurable.

Proof: See Bartle [1966, Lemma 2.6].

EXAMPLE 3.24: If Z (w) is measurable, then Z (w)/n is measurable,
so that Z,(w) = 2., Z (w)/n is measurable.

A function from € to R?is measurable if and only if each component
of the vector valued function is measurable. The notion of measura-
bility extends to transformations from Q to Q in the following way.

DEFINITION 3.25: A one-to-one transformationt 7: Q — Q de-
fined on (Q, &, P) is measurable provided that T-(g) C §.

In other words, the transformation 7 is measurable provided that any
set taken by the transformation (or its inverse) into § is itself a set in
%. This ensures that sets that are not events cannot be transformed
into events, nor can events be transformed into sets that are not events.

EXAMPLE 3.26: Foranyw =0(. . . , 23,2y, Z;5s Zy41s Z42s « - +)
letew’ =Tw={(. . .,Z_y, 2 Zias» Zi4+25 Z1+35 - - -)» 50 that T trans-
forms w by shifting each of its coordinates back one location. Then T
is measurable since Tw is in § and T™'w is in §.

1 The transformation 7 maps a point of €, say w, into another point of Q, say w’ =
Tw. When T operates on a set F, it should be understood as operating on each element
of F. Similarly, when T operates on a family &, it should be understood as operating on
each set in the family.
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The transformation of this example is often called the shifi, or the
backshift operator. By using such transformations, it is possible to
define a corresponding transformation of a random variable. For
example, set Z,(w) = Z(w), where Z is a measurable function from Q
to R; then we can define the random variables Z,(w) = Z(Tw),
Z,(w) = Z(T?w), and so on, provided that T is a measurable transfor-
mation. The random variables constructed in this way are said to be
random variables induced by a measurable transformation.

DEFINITION 3.27: A transformation T from Q to Q is measure
preserving if it is measurable and if P(T'F)= P(F) for all Fin .

The random variables induced by measure-preserving transforma-
tions then have the property that P[Z, =a] = Plw:Z(w)=a] =
Plw:Z(Tw) = al = P[Z, = a]. In fact, such random variables have
an even stronger property. We use the following definition.

DEeFINITION 3.28: Let G, be the joint distribution function of the
sequence {Z,, Z,, . . .}, where Z,is a ¢ X 1 vector, and let G, be
the joint distribution function of the sequence (Z,..,, Z.4,, . . .}.
The sequence {Z,} is stationaryifand only if G, = G, foreach t = 1.

In other words, a sequence is stationary if the joint distribution of the
variables in the sequence is identical, regardless of the date of the first
observation.

ProposITION 3.29: Let Z be a random variable (i.e., Z(w) is a
measurable function) and 7 be a measure-preserving transformation.
Let Z,(w)=Z(w), Z(w)=Z(Tw), . . . , Z,(w)=Z(T" 'w) for
each win Q. Then {Z,} is a stationary sequence.

Proof: Stout [1974, p. 169].

A converse to this result is also available.

ProposITION 3.30: Let {Z,} be a stationary sequence. Then there
exists a measure-preserving transformation 7" defined on (€, §, P)
such that Z(w)=Z,(w), Z,(w)=Z(Tw), Zw)=Z/(T*w),
e, Z(w)=Z (T 'w)for all @ in Q.

Proof: Stout [1974, p. 170].

ExAaMPLE 3.31: Let {Z,} be a sequence of i.i.d. N(0, 1) random
variables. Then {Z,} is stationary.
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The independence imposed in this example is crucial. If the {Z,} is
simply identically distributed N(0, 1), the sequence is not necessarily
stationary, because it is possible to construct different joint distribu-
tions that all have normal marginal distributions. By changing the
joint distributions with ¢, we could violate the stationarity condition
while preserving marginal normality. Thus stationarity is a strength-
ening of the identical distribution assumption, since it applies to joint
and not simply marginal distributions. On the other hand, stationar-
ity is weaker than the i.i.d. assumption, since i.i.d. sequences are
stationary, but stationary sequences do not have to be independent.

Does a version of the law of large numbers, Theorem 3.1, hold if the
i.i.d. assumption is simply replaced by the stationarity assumption?
The answer is no, unless additional restrictions are imposed.

ExaMPLE 3.32: Let U, be a sequence of i.i.d. random variables
uniformly distributed on [0, 1] and let Z be N(0, 1), independent of
U,t=1,2,.... DefineY,=Z+ U, Then {¥,} is stationary
(why?),but Y, =3, Y, /ndoes not converge to E(Y,) = 4. Instead,
yn _ Z a.s. -&.

In this example, ¥ , converges to a random variable, Z + 4, rather than
to a constant. The problem is that there is too much dependence in
the sequence {¥,}. No matter how far into the future we take an
observation on ¥,, the initial value ¥, still determines to some extent
what ¥, will be, as a result of the common component Z. In fact, the
correlation between ¥, and ¥, is always positive for any value of ¢.

To obtain a law of large numbers, we have to impose a restriction on
the dependence or “memory” of the sequence. One such restriction is
the concept of ergodicity.

DEFINITION 3.33: Let{Z,) be a stationary sequence and let 7 be the
measure-preserving transformation of Proposition 3.30 defined on
(Q, &, P). Then({Z,}is ergodic if and only if for any two events F and
GEG, ,l,llrl n~! =, P(FN T'G)= P(F) P(G).

If Fand G were independent, then P(F N G) = P(F) P(G). Wecan
think of 7'G as being the event G shifted ¢ periods into the future, and
since P(T'G) = P(G) when T is measure preserving, this definition
says that an ergodic process (sequence) is one such that for any events
F and G, F and T*G are independent on average in the limit. Thus
ergodicity can be thought of as a form of “average asymptotic inde-
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pendence.” For more on measure-preserving transformations, sta-
tionarity, and ergodicity the reader may consult Doob [1953, pp.
167-185] and Rosenblatt [1978].

The desired law of large numbers can now be stated.

THEOREM 3.34 (Ergodic theorem): Let {Z,) be a stationary er-
godic scalar sequence with E|Z,| <. Then Z, > u= E(Z,).

Proof: See Stout [1974, p. 181].

To apply this result, we make use of the following theorem.

THEOREM 3.35: Let g be an ¥-measurable function onto R* and
define ¥, = g(Z,, Z,,,, . . .), where Z, is ¢ X 1. (i) If {Z,} is
stationary, then {¥,} is stationary. (ii) If {Z,} is stationary and
ergodic, then {¥ ) is stationary and ergodic.

Proof: See Stout [1974, pp. 170, 182].

ProrosiTioN 3.36: If {(Z,, X,, €)'} is a stationary ergodic se-
quence, then {X/X,}, (X/€,},{Z;X,}, {Z{€,}, and {Z; Z,} are stationary
ergodic sequences.

Proof: Immediate from Theorem 3.35 and Proposition 3.23.

Now we can state a result applicable to time-series data.

THEOREM 3.37: Suppose

(i) y=XB te
(i) {(X,, €)'} is a stationary ergodic sequence;
() (a) E(X(e)=0;
(b) EXp€n<oo h=1,...,p,i=1,...,k
(iv) (@ EXylP<oe h=1,...,pi=1 ...,k
(b) M= E(X;X,) is positive definite

Then B, exists a.s. for all n sufficiently large, and §, == B, .

Proof: We verify the conditions of Theorem 2.12. Given (ii),
{X}e,} and {X/X,} are stationary ergodic sequences by Proposition
3.36, with elements having finite expected absolute values (given (iii)
and (iv)). By the ergodic Theorem 3.34, X’e/n -0 and

+ The fact that g depends on the present and possibly infinite future of the sequence
{Z,} is an interesting feature of this result. If the process { Z,} had an infinite past as well,
g could also depend on the infinite past of {Z,} without affecting the validity of this
result.
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X’X/n == M, finite and positive definite. Hence, the conditions of
Theorem 2.12 hold and the results follow.

Compared with Theorem 3.5, we have replaced the i.i.d. assump-
tion with the strictly weaker condition that the regressors and errors
are stationary and ergodic. In both results, only the finiteness of
second-order moments and cross moments is imposed. Thus
Theorem 3.5 is a corollary of Theorem 3.37.

A direct generalization of Exercise 3.6 for the IV estimator is also
available.

ExERCISE 3.38: Prove the following result. Given

(i) y=XB,+e€
(i) {Z,, X,, €,)’} is a stationary ergodic sequence;
(i) (a) E(Zie)=0

(b) E|Z,€, <o, h—l,...,p,i=l,...,l;
(iv) @ E|lZpXpl<eo,h=1,..., pi=1,..., [, and
j_l k,

(b) Q= E(Z’X ) has full column rank;
(c) P,, 2% P, finite and positive definite.

Then f, exists a.s. for all n sufficiently large, and §, == B,.

Economic applications of Theorem 3.37 and Exercise 3.38 depend
on whether it is reasonable to suppose that economic time series are
stationary and ergodic. Ergodicity is often difficult to ascertain theo-
retically (although it does hold for certain Markov sequences; see Stout
[1974, pp. 185-200]) and is impossible to verify empirically (since this
requires an infinite sample). Stationarity, on the other hand, is a
property that can be investigated empirically. However, many im-
portant economic time series seem not to be stationary but heteroge-
neous, exhibiting means, variances, and covariances that change over
time.

III.4 Dependent Heterogeneously
Distributed Observations

To apply the consistency results of the preceding chapter to depen-
dent heterogeneously distributed observations, we need to find condi-
tions that ensure that the law of large numbers continues to hold.
This can be done by replacing the ergodicity assumption with some-
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what stronger conditions on the dependence of a sequence, known as
mixing conditions.
To specify these conditions, we use the following definition.

DEFINITION 3.39: The Borel field generated by{Z (w),t=mn, . . . ,
n + m), denoted B*"=0(Z,,..., Z,.,) Is the smallest
collection of subsets of Q that includes

(i) all sets of the form X} RIXrtm B, X5 . ..+1 RY, where
each B, € B9;

(i1) the complement A€ of any set A in Br+™;

(ii1) the union U}, 4, of any sequence {4,} in B+,

The o-field B2+ ™ is the smallest o-field of subsets of 2 with respect to
which Z(w), t=mn, . . . , n+ m are measurable. In other words,
Brtm is the smallest collection of events that allows us to express the
probability of an event, say, [Z,<a,, Z,., <da,], in terms of the
probability of an event in B2 say [w:Z (w) < a,, Z,.(w) < a,].
The definition of mixing is given in terms of the Borel fields generated
by subsets of the history of a process extending infinitely far into both
the past and future, (Z,);—_... For our purposes, we can think of Z, as
representing the first observation available to us, so Z, is unobservable
fort = 0. In what follows, the fact that Z,, t =< 0 is unobservable does
not matter. All that does matter is the behavior of Z,, t =0, if we
could observe it.

DEFINITION 3.40: Let B”, =0(. . . , Z,) be the smallest collec-
tion of subsets of Q that contains the union of the g-fields B7 as
a——; let By,,,= 6(Z,41,,, . . .) be the smallest collection of

subsets of Q that contains the union of the o-fields B2, ,, as a — «.

Intuitively, we can think of B~ as representing all the information
contained in the past of the sequence {Z,} up to time n, whereas B;,, ,,
represents all the information contained in the future of the sequence
{Z,) from time n + m on.

We now define two measures of dependence between o-fields.

DEFINITION 3.41: Let § and # be o-fields and define
H(, H)= SUp(Ge9,H€W:P(G)>0)|P(HIG) — P(H)|,
(9,7 ) = supgeg new)|P(GN H) — P(G)P(H)|.

Intuitively, ¢» and @ measure the dependence of the events in % on
those in ¢ in terms of how much the probability of the joint occurrence
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of an event in each g-algebra differs from the product of the probabili-
ties of each event occurring. The eventsin § and 7 are independent if
and only if ¢ and « are zero. The function « provides an absolute
measure of dependence and ¢ a relative measure of dependence

DEFINITION 3.42: For asequence of random vectors {Z,}, with B,
and B, ,, as in Definition 3.40, define the mixing coefficients ¢p(m) =
Supn d)(zﬁw’ :B:+m) and a(m) = Supn a(ﬁiﬂw :+m)'

If, for the sequence {Z,}, ¢(m) — 0 as m — o, {Z,} is called ¢p-mix-
ing. If, for the sequence {Z,}, a(m) — 0 as m — o, {Z,} is called
a-mixing.

The quantities ¢(m) and a(m) measure how much dependence exists
between events separated by at least m time periods. Hence, if
&(m) =0 or a(m) = 0 for some m, events m periods apart are inde-
pendent. By allowing ¢(m) or a(m) to approach zero as m — «©, we
allow consideration of situations in which events are independent
asymptotically. In the probability literature, ¢-mixing sequences are
also called uniform mixing (see losifescu and Theodorescu [1969]),
whereas a-mixing sequences are called strong mixing (see Rosenblatt
[1956]). Because ¢(m) = a(m), p-mixing implies a-mixing.

ExAMPLE 3.43: (i) Let {Z,} be a y-independent sequence (i.e., Z, is
independent of Z,_, for all 7> 7). Then ¢p(m)= a(m) =0 for all
m>y. (i1) Let {Z,) be a nonstochastic sequence. Then it is an
independent sequence, so ¢(m) = a(m) =0 for all m > 0. (iii) Let
Z,=pZ, ,+e€,t=1,...,n where|p|<1ande ~iid N, 1).
(This model is called the Gaussian AR(1) process.) Then a(m) — Oas
m — o, although ¢(m) + 0 as m — « (Ibragimov and Linnik [1972,
pp. 312-313]).

The concept of mixing has a meaningful physical interpretation.
Imagine a dry martini initially poured so that 99% is gin and 1% is
vermouth (placed in a layer at the top). The martini is steadily stirred
by a swizzle stick, and we observe the proportions of gin and vermouth
in any measurable set (i.e., volume of martini). If these proportions
tend to 99 and 1% after many stirs, regardless of which volume we
observe, then the process is mixing. In this example, the stochastic
process corresponds to the position of a given particle at each point in
time, which can be represented as a sequence of three-dimensional
vectors {Z,}.
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The asymptotic independence notion of mixing is a stronger mem-
ory requirement than that of ergodicity, since, for a stationary se-
quence, mixing implies ergodicity, as the next result makes precise.

PROPOSITION 3.44: Let {Z,) be a stationary sequence. Ifa(m)— 0
as m — =, then {Z,} is ergodic.

Proof: See Rosenblatt [1978].

Note that if ¢p(m) — 0 as m — =, then a(m) — 0 as m — =, so that
¢-mixing processes are also ergodic. Ergodic processes are not neces-
sarily mixing, however. For more on mixing and ergodicity, see
Rosenblatt [1972 and 1978].

To state the law of large numbers for mixing sequences we use the
following definition.

DEFINITION 3.45: Let rbe areal numbersuchthat 1l <r=o, (1)If
d(m)=0(m=*)for A > r/(2r — 1), then ¢p(m) is of size r/2r — 1). (ii)
If r> 1 and a(m) = O(m™) for A> r/(r — 1), then a(m) is of size
r/(r—1).

This definition allows precise statements about the memory of a
random sequence that we shall relate to moment conditions expressed
in terms of r. As r — », the sequence exhibits more and more
dependence, while as r — 1, the sequence exhibits less dependence.

ExAMPLE 3.46: (i) Let {Z,} be independent N(0, 6?). Then {Z,}
has ¢p(m) of size r/(2r — 1) for r=1. (ii) Let Z, be a Gaussian AR(1)
process. It can be shown that {Z,} has a(m) of size r/(r — 1) for any
r > 1, since a(m) decreases exponentially with m.

The result of this example extends to many finite autoregressive
moving average (ARMA) processes. Under general conditions, finite
ARMA processes have exponentially decaying memories.

Using these definitions we can state a law of large numbers, due to
McLeish [1975], which applies to heterogeneous dependent se-
quences.

THEOREM 3.47 (McLeish). Let (Z,} be a scalar sequence with
d(m) of size r/(2r — 1) or a(m) of size r/(r — 1), r > 1, with finite
means u, = E(Z,). If for some 8, 0<d=r, Z_ (E|\Z,— u,|*%
t+9)/r < oo then Z, — fi,, —— 0.

Proof: See McLeish [1975, Theorem 2.10].
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This result generalizes the Markov law of large numbers, Theorem
3.7. (There we have r=1.)

Using an argument analogous to that used in obtaining Corollary
3.9, we obtain the following corollary.

COROLLARY 3.48: Let {Z,} be a sequence with ¢(m) of size
r/(2r — 1) or a(m) of size r/(r — 1), r > 1, such that E|Z |** <A <
for some 6 > 0, and all . Then Z, — i, —— 0.

Setting r arbitrarily close to unity yields a generalization of Corollary
3.9 that would apply to sequences with exponential memory decay.
For sequences with longer memories, r is greater, and the moment
restrictions increase accordingly. Here we have a clear trade-off
between the amount of allowable dependence and the sufficient mo-
ment restrictions.

To apply this result, we use the following theorem.

THEOREM 3.49: Let g be a measurable function onto R* and define
Y.=¢Z,Z,,...,Z.,), where tis finite. If the sequence of
g X 1 vectors {Z,} is mixing such that ¢(m) (a(m)) is O(m*) for some
A> 0, then {¥,} is mixing such that ¢, (m)(ay (m)) is O(m™).

Proof: See White and Domowitz [1984, Lemma 2.1].

In other words, measurable functions of mixing processes are mixing
and of the same size. Note that whereas functions of ergodic processes
retained ergodicity for any 7, finite or infinite, mixing is guaranteed
only for finite 1.

ProrosiTiON 3.50: If {(Z,, X,, €,)’} is a mixing sequence, then
{(X/X,),{X/€,},{Z;X,},{Z}€,}, and {Z, Z,} are mixing sequences of the
same size.

Proof: Immediate from Theorem 3.49 and Proposition 3.23.

Now we can generalize the results of Exercise 3.14 to allow for
dependence as well as heterogeneity.

EXERCISE 3.51: Prove the following result. Suppose

(i) y=XB +te¢

(i) {(X,, €,)’) is a mixing sequence with ¢p(m) of size r/(2r — 1),
r=1ora(m)ofsize r/(r— 1), r> 1,

(i) (a) E(X(e)=0;
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(b) E|X€x <A< for some >0, h=1,...,

pi=1,...,kandall ¢
(iv) (@ EX3|*"*<A<wforsomed>O0andallh=1, ...,
p,i=1 ... ,kandallt;

(b) M, = E(X’X/n) is uniformly positive definite.
Then B, exists a.s. for all n sufficiently large, and 8, =~ B,.

From this result, we can obtain the result of Exercise 3.14 as a direct
corollary by setting r = 1. Compared to our first consistency result,
Theorem 3.5, we have relaxed the independence and identical distri-
bution assumptions, but strengthened the moment requirements
somewhat. Among the many different possibilities which this result
allows, we can have lagged dependent vanables and nonstochastic
variables both appearing in the explanatory variables X,. The regres-
sion errors €, may be heteroscedastic or may be serially correlated.

In fact, Exercise 3.51 is an extremely powerful result that appears
applicable to a very wide range of situations faced by economists. For
further discussion of linear models with mixing observations, see
Domowitz [1983].

Applications of Exercise 3.51 often use the following result, which
allows the interchange of expectation and infinite sums.

ProrosiTION 3.52: Let {Z,} be a sequence of random variables
such that Z7_, FjZ,|<e, Then X}, Z, converges a.s. and
E(E:;l ZI) = 27;1 E(Zl) < @,

Proof: See Billingsley [1979, p. 181].

This result is useful in verifying the conditions of Exercise 3.51 for the
following exercise.

ExERCcISE 3.53: (i) State conditions that are sufficient to ensure the
consistency of the OLS estimator for the model y, = ay,_, + 8x, +€,,
where y,, x,, and €, are scalars. Hint: The Minkowski inequality
applies to infinite sums, that is, given {Z,} such that 37, (E|Z,?)'/?
< oo, then E|Z5, Z,)P < (25, (E|Z,P)"?)?. (ii) Find a simple model
to which Exercise 3.51 does not apply.

Conditions for the consistency of the IV estimator are given by the
next result.
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THEOREM 3.54: Suppose

i) y=XB te

) {(Z,, X,,€)’} is a mixing sequence with ¢(m) of size
r/2r— 1), r=1or a(m)of size r/(r— 1), r > 1;

(i) () E(Zle,)=0;
(b) E|\Z,€,° <A< for some >0 and all h=

I,...,pi=1,...,Land1t
(iv) (@) E|ZXyl""<A<w for some >0 and all h=
L ...,pi=1...,Lj=1 ... ,kand¢

(b) Q, = E(Z'X/n) has uniformly full column rank;
(c) P,—P,~=—0, where {P,) is O(l) and uniformly
positive definite.

Then B, exists a.s. for all n sufficiently large, and £, == 8, .

Proof: By Proposition 3.50,{Z€,} and (Z; X, } are mixing sequences
with elements satisfying the conditions of Corollary 3.48 (given (iiib)
and (iva)). It follows from Corollary 3.48 that Z’€/n = 0 and
Z’X/n— Q, = 0, where Q, is O(1), given (iva) as a consequence of
Jensen’s inequality. Hence the conditions of Exercise 2.20 are satis-
fied and the results follow.

Although mixing is an appealing dependence concept, it shares with
ergodicity the property that it can be somewhat difficult to verify
theoretically and is impossible to verify empirically. An alternative
dependence concept that is easier to verify theoretically is a form of
asymptotic noncorrelation.

DEFINITION 3.55: The scalar sequence {Z,} has asymptotically
uncorrelated elements (or is asymptotically uncorrelated) if there exist
constants {p,, =0} such that O0=p =1, Z7_;p, <o and
cov(Z,,Z,,.)<p.(var Z,var Z,, ) forall T > 0, where var Z, <
for all ¢.

Note that p, is only an upper bound on the correlation between Z,
and Z,,, and that actual correlation may depend on ¢. Further, only
positive correlation matters, so that if Z, and Z,,, are negatively
correlated, we can set p, = 0. Also note that for =7_p, <, it is
necessary that p, — 0 as 7 — o, and it is sufficient that for all 7

sufficiently large, p, < t='~¢ for some J > 0.
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EXAMPLE 3.56: Let Z,= pZ,_, + €, where €, is i.1.d., E(¢,) =0,
vare, = o2, E(Z,_€,)=0. Thencorr(Z,, Z,,.)=p°. If0=p<]1,

o P"=1/(1 — p) <=, so the sequence {Z,} is asymptotically uncor-
related.

If a sequence has constant variance and has covariances that depend
only on the time lag between Z, and Z,, ., the sequence is said to be
covariance stationary. (This is implied by stationarity but is weaker
because a sequence can be covariance stationary without being sta-
tionary.) Verifying that a covariance stationary sequence has asymp-
totically uncorrelated elements is straightforward when the process has
a finite ARMA representation (see Granger and Newbold [1977, Ch.
1]). In this case, p, can be determined from well-known formulas (see,
e.g., Granger and Newbold [1977, Ch.1]) and the condition
3r_o P < can be directly evaluated. Thus covariance stationary
sequences as well as stationary ergodic sequences can often be shown
to be asymptotically uncorrelated, although an asymptotically uncor-
related sequence need not be stationary and ergodic or covariance
stationary. Under general conditions on the size of ¢(m) or a(m),
mixing processes can be shown to be asymptotically uncorrelated.
Asymptotically uncorrelated sequences need not be mixing, however.

A law of large numbers for asymptotically uncorrelated sequences is
the following,.

THEOREM 3.57: Let {Z,} be a scalar sequence with asymptotically
uncorrelated elements with means y, = E(Z,) and ¢} =var Z, <
A<, Then Z,— i, 0.

Proof: Immediate from Stout {1974, Theorem 3.7.2].

Compared with Corollary 3.48, we have relaxed the dependence
restriction from asymptotic independence (mixing) to asymptotic
uncorrelation, but we have altered the moment requirements from
restrictions on moments of order r + d (r = 1, § > 0) to second mo-
ments. Typically, this is a strengthening of the moment restrictions.

Since taking functions of random variables alters their correlation
properties, there is no simple analog of Proposition 3.2, Theorem 3.35,
or Theorem 3.49. To obtain consistency results for the OLS or IV
estimators, one must directly assume that all the appropriate se-
quences are asymptotically uncorrelated so that the a.s. convergence
assumed in Theorem 2.18 or Exercise 2.20 holds. Since asymptoti-
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cally uncorrelated sequences will not play an important role in the rest
of this book, we omit stating and proving results for such sequences.

II1.5 Martingale Difference Sequences

In all of the consistency results obtained so far, there has been the
explicit requirement that either E(X/e,)=0 or E(ZJe,)=0. Eco-
nomic theory must play a crucial role in justifying this assumption. In
fact, it often occurs that economic theory is used to justify the stronger
assumption that E(e,|X,)=0 or E(e€,|Z,) =0, which then implies
E(X/e,)=0 or E(Ze,)=0. In particular, this occurs when the
regression function X, B, is viewed as the value of y, we expect to
observe when X, occurs. In other words, when X,f,, is the condi-
tional expectation of y, given X,, i.e., E(y|X,)= X,8,. Then we
define €, =y, — E(y|X,)=y,— X,f,. Using the algebra of condi-
tional expectations given below, it is straight-forward to show that
E(e|X,)=0.

One of the more powerful economic theories (powerful in the sense
of imposing a great deal of structure on the resulting regression model)
is the theory of rational expectations. Often this theory cannot only
be used to justify the assumption that E(€,|X,) = 0 but further that
Ee€|X,,X,_,, ... €_,€_,, ...)=01ie., that the conditional
expectation of €,, given the entire past history of the errors €, and the
current and past values of the explanatory variables X,, is zero. This
assumption allows us to apply laws of large numbers for martingale
difference sequences, which are convenient and powerful.

To define what martingale difference sequences are and to state the
associated results, we need to provide a more complete background on
the properties of conditional expectations, which we draw from Doob
[1953].

So far we have relied on the reader’s intuitive understanding of what
a conditional expectation is. A more precise definition is based on the
following notion.

DEFINITION 3.58: Let @ be a o-field of sets in 2, and let € be the
o-field of sets in € that are either sets of ¢ or that have the form G U F
where G € § and F is a subset of a § set which has probability zero.
We call &’ the completion of §.
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DEFINITION 3.59: The conditional expectation of a random vari-
able Y given § is defined as any function E(V|€) from Q to R! that is
measurable with respect to §’, that has E(JE(¥|9)|) <, and that
satisfies the equation

E(I[G]E(cyw» = E(I[G]y)

forall sets G in G, where 15, 1s the indicator function equal to unity on
the set G and zero elsewhere.

Because E(Y|9) is a measurable function from Q to R!, it is a
random variable. AsDoob [1953, p. 18] notes, this definition actually
defines an entire class of random variables each of which satisfies the
above definition, because any random variable with probability one
equal to any function E(¥|8) satisfying this definition also satisfies this
definition. Note that the conditional expectation has been defined as
a function measurable with respect to §’. This is done to rule out
certain pathological possibilities that could otherwise arise. However,
if a random variable is measurable with respect to §’, it is equal with
probability one to a random variable measurable with respect to & (see
Doob [1953, p. 605]) so that there is a version of E(¥|$) measurable
with respect to §. We can think of this version as the one being
utilized in any given formula, because generally any member of the
class of random variables specified by the definition can be used in any
expression involving a conditional expectation.

To put the conditional expectation in more familiar terms, we relate
this definition to the expectation of ¥, conditional on other random
variables Z,, t=aq, . . . , b, as follows.

DEeFINITION 3.60: Let ¥, be a random variable such that
E(Y )< and let Bb= 0(Z,, Z,4y, . . . , Z,) be the o-algebra
generated by the random vectors Z,, t=aq, . . . ,b. Then the condi-
tional expectation of ¥, given Z,,t =a, . . . , b, is defined as

EY\Z,, . .., Zy)=EY|B).

If we let E(Y,| BL) be measurable with respect to B2, the conditional
expectation can be expressed as a functionof Z,,t=aq, . . . , b, asthe
following result shows.

ProposiTION 3.61: Let E(Y,|Z,,. . . . , Z,) be measurable with
respect to B2. Then there exists a function g(Z,,, . . . , Z,) measur-
able with respect to B2 such that
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E(y,lza, .« .. ,Zb)=g(za, PN ’Zb)'
Proof: Immediate from Doob [1953, Theorem 1.5, p. 603].

EXAMPLE 3.62: Let ¥ and Z be jointly normal with E(Y)=
E(Z)=0, var Y =03, var Z = 6%, cov(Y, Z) = 04,. Then

E(¥YZ)=(0yz/0%)Z.

The role of economic theory can now be interpreted as specifying a
particular form for the function g in Proposition 3.61, although, as we
can see from Example 3.62, the g function is in fact a direct conse-
quence of the form of the joint distribution of the random variables
involved. For an economic theory to be completely legitimate, the g
function specified by that economic theory must be identical to that
implied by the joint distribution of the random variables; otherwise
the economic theory provides only an approximation to the statistical
relationship between the random variables of the model.

We now state some useful properties of conditional expectations.

ProrosiTioN 3.63: Let &’ and #’ be the completions of o-fields ¢
and # and suppose §’ C #’ and that some (and therefore every)
version of E(Y|#) is measurable with respect to §’. Then

E(Y|#)=EY9),
with probability one.
Proof: See Doob [1953, p. 21].

In other words, conditional expectations with respect to two differ-
ent o-fields, one contained in the other, coincide provided that the
expectation conditioned on the larger o-field is measurable with re-
spect to the smaller o-field. Otherwise, no necessary relation holds
between the two conditional expectations.

ExAaMPLE 3.64: Suppose E(¥Y |#,_,) =0, where #,_,=o(. . .,
Y2, ¥Y,_). Then E(¥Y |Y,_))=0, since E(¥|¥Y,_))= E(¥,S,-),
where §,_, = o(¥Y,_,) satisfies ¢;_, C #,_, and E(¥ |#,.,)=0 is
measurable with respect to §;_,.

ProposITION 3.65: If ¥ is a random variable and Z is a random
variable measurable with respect to ¢ such that E|¥| <o and
E|ZY| < =, then with probability one
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E(ZY|9)=ZEY|S)
and
E(Y — EY|9))Z)=0.
Proof: See Doob [1953, p. 22].

ExaMPLE 3.66: Let ¢ = a(X,). Then E(Xy|X,)= X/E(y/X,).
Define €=y — E(y|X)). Then E(X;G,) =E(X;[Yt - E(Y:lxt)]) =0.

If we set E(y,|X,) = X,5,, the result of this example justifies the
orthogonality condition for the OLS estimator, E(X)e,) = 0.

ProposiTION 3.67 (Linearity): Let a,, . . . , a; be finite con-
stants and suppose ¥,, . . . , ¥, are random variables such that
E(Zk, aY;) <x. Then

E(i aﬂ/,-lQ) = i a,E(Y|9).

J=1 j=1
Proof: See Doob [1953, p. 23].

A version of Jensen’s inequality also holds for conditional expecta-
tions.

ProrosiTION 3.68 (Conditional Jensen's inequality). Let g:
R' — R! be a convex function on an interval B C R! and let ¥ be a
random variable such that P[¥ € B]=1. If E|¥|<® and
Elg(¥Y)| < =, then

EIEY19)] = E(g(Y)19)
for any Borel field 8. If g is concave, then
gLEY|9)] = E(g(Y)\9).
Proof: See Doob [1953, p. 33].

EXAMPLE 3.69: Let g(y)=|y]. It follows from the conditional
Jensen’s inequality that |E(Y|9)| < E(|Y||9).

One of the most useful properties of the conditional expectation is
given by the law of iterated expectations.

ProrosiTiON 3.70 (Law of iterated expectations). Let § be a
o-field of sets in Q. Then

E[E(Y|9)] = EY).
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Proof- Set G = Q in Definition 3.59.

ExaMpLE 3.71: Suppose E(€,|X,) =0. Then by Proposition 3.70,
E(e,) = E(E(€/|X,)) = 0.

A more general result is the following.

ProposITION 3.72 (Law of iterated expectations):. Let § and # be
o-fields of sets in Q with #% C &, and suppose E(|¥|) <. Then

E[E(Y|9)|#]) = E(Y|#).
Proof: See Doob [1953, p. 37].

Proposition 3.70 is the special case of Proposition 3.72 in which # is
set equal to the trivial o-field (&, Q).

With the law of iterated expectations available, it is straightforward
to show that the conditional expectation has an optimal prediction
property, in the sense that in predicting a random variable ¥ the
prediction mean squared error of the conditional expectation of ¥ is
smaller than that of any other predictor of ¥ measurable with respect
to the same o-field.

THEOREM 3.73: Let ¥ be a random variable with E(¥/?) < o and
let Y= E(¥|9) be $-measurable. Then for any other §-measurable
random variable ¥, E(Y — ¥)?) = E(Y — ¥)?).

Proof Adding and subtracting ¥/ in (¥ — Y2 gives

E(Y -YP)=E@W¥-9Y+Y-9p»)
=E(Y —YPH+2E(Y -Y)Y - Y))
+ E(Y — Y)).
By the law of iterated expectations and Proposition 3.65,
E(Y — Y)Y —¥) = E[E(Y — )Y —F)9)]
=F[E(Y —Y|$)Y — Y)].
But E(¥ —¥19)=0,50 E(¥ — YNY — ¥))=0and
E(Y —9P)=E(Y - I+ E(& — I,
and the result follows.

This result provides us with another interpretation for the condi-
tional expectation. The conditional expectation of ¥ given § gives
the minimum mean squared error prediction of ¥ based on a specified
information set (o-field) §.
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With the next definition (from Stout [1974, p. 30]) we will have
sufficient background to define the concept of a martingale difference
sequence.

DEFINITION 3.74: Let (¥/,) be a sequence of random scalars, and let
{3,) be a sequence of g-fields §, C § such that F,_, C §, for all ¢ (i.e.,
{3®,) is an increasing sequence of o-fields). If ¥, is measurable with
respect to g, then ({,} is said to be adapted to the sequence {¥,} and
(Y,, &,) is called an adapted stochastic sequence.

One way of generating an adapted stochastic sequence is to let §,
be the o-field generated by current and past ¥,, ie., §=0a(. . .,
Y., Y,). Then (F,}is increasing and ¥, is always measurable with
respect to ,. However, §, can contain more than just the present and
past of ¥,; it can also contain the present and past of other random
variables as well. Forexample,letY,=Z,,whereZ,=(Z,,, . . .,
Z,),andlet§,=o(. ..,Z,,,Z,). Then g, isagainincreasing and
Y, is again measurable with respect to ,, so {¥,, &,} is an adapted
stochastic sequence. This is the situation most relevant to our pur-
poses.

DEFINITION 3.75: Let {¥,, &,) be an adapted stochastic sequence.
Then (Y, §,} is a martingale difference sequence if and only if

E¥|%,-)=0 forall =2,

EXAMPLE 3.76: (i) Let {¥,) be a sequence of i.i.d. random vartables
with E(¥,)=0,and let &, =0a(. . . ,Y,,,Y,). Then{¥, F)isa
martingale difference sequence. (i) (The Levy device) Let (Y,
%,} be any adapted stochastic sequence such that E{Y,| <  for all «.
Then

{¥Y: = E(Y[8.-1), 8}

is a martingale difference sequence because ¥, — E(¥ |F,_;) is mea-
surable with respect to &, and, by linearity,

ETY, = E(Y |8:-)I8-1] = E(Y |F-1) — E(Y|F,-) = 0.

The device of Example 3.76 (ii) is useful in certain circumstances
because it reduces the study of the behavior of an arbitrary sequence of
random variables to the study of the behavior of a martingale differ-
ence sequence and a sequence of conditional expectations (Stout
[1974, p. 33]).
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The martingale difference assumption is often justified in eco-
nomics by the efficient markets theory or rational expectations theory,
e.g., Samuelson [1965]. In these theories the random variable Y, is
the price change of an asset or a commodity traded in a competitive
market and g, is the o-field generated by all current and past informa-
tion available to market participants, §,=a(. . . , Z,_,, Z,), where
Z,is a finite-dimensional vector of observable information, including
information on ¥,. A zero profit condition then ensures that
E(Y,|%,-,)=0. Notethatif9,=a(. .. ,¥Y,_,,¥,), then{¥,, 8,}is
also an adapted stochastic sequence, and because ¢, C §,, it follows
from Proposition 3.72 that

E(YS,-) = E[E(Y |3,-1)IS—1] =0,

so {¥,, 6,} is also a martingale difference sequence.

The martingale difference assumption often arises in a regression
context in the following way. Suppose we have observations on a
scalar y, (set p=1 for now) that we are interested in explaining or
forecasting on the basis of variables Z, as well as on the basis of the past
valuesof'y,. Let &,_, be the o-field containing the information used to
explain or forecast y,, i.e., -, =0(. . . (Z,_y, Y,—u), (Z,, ¥,-1)).
Then by Proposition 3.61,

E(YI'%I—]) = g( ] (Zl—l ’ yl—Z)’a (Zts yl—l),)’

where g is some function of current and past values of Z, and past
values of y,. Let X, contain a finite number of current and lagged
values of (Z,, y,-1), €8, X{ = (Z;—, Yi—e=1)'s - - - 5 (Zy, ¥,y)') fOr
some 7 < . Economic theory is then often used in an attempt to
justify the assumption that for some g, <,

gl (Zm, ¥i2) (2, ) ) = X B,
If this is legitimate, we then have
E(y|38.-1) = Xtﬂo‘

Note that by definition, y, is measurable with respect to F,, so that
{y,, 3.} is an adapted stochastic sequence. Hence, by Levy’s device,
{y, — E(y\%,—)), &,} is a martingale difference sequence. If we let

€=y, — X5

and it is true that E(y,|%,—)) = X,B,, then €, =y, — E(y,|&,-), so {€,,
3, }1s a martingale difference sequence. Of direct importance for least
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squares estimation is the fact that {$,} is also adapted to each sequence
of cross products between regressors and errors {X,€,}, i=1, . . .,
k. Itisthen easily shown that {X,;€,, §,} is also a martingale difference
sequence, since by Proposition 3.65

E(X,€%,-1) = X,E(€,|T,—,) = 0.

A law of large numbers for martingale difference sequences is the
following theorem.

THeorReM 3.77 (Chow): Let (Z,, §,} be a martingale difference
sequence. If for some r= 1, 22, (E|Z,|¥)/t"*" < », then Z, = 0.

Proof- See Stout [1974, p. 154-155].

Note the similarity of the present result to the Markov law of large
numbers, Theorem 3.7. There the stronger assumption of indepen-
dence replaces the martingale difference assumption, whereas the
required moment conditions are weaker with independence than they
are here. A corollary analogous to Corollary 3.9 also holds.

EXERCISE 3.78: Prove the following. Let {Z,, §,} be a martingale
difference sequence such that E|Z,|* < A < « for some r = 1, and all
t. Then Z,2>0.

Using this result and the law of large numbers for mixing sequences,
we can state the following consistency result for the OLS estimator.

THEOREM 3.79: Suppose

(i) y=XB te

(i1} {X;} is a sequence of mixing random variables with ¢(m) of
size r/(2r— 1), r= 1, or a(m) of size r/(r — 1), r > 1;

(i) (@) E(X5€ulE,-1) =0, where {3} is adapted to {X,,€,),

h=1,...,pi=1,...,k
(b) E|X,€4* <A<xforsomer>landallh=1, ...,
p,i=1,...,k and ¢
(iv) (@ EIX3|/"?<A<xforsomed>O0andallh=1, ...,
p,i=1,... ,kandt

(b) M, = E(X’X/n) is uniformly positive definite.

Then B, exists a.s. for all n sufficiently large, and 8, = g,.
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Proof: To verify that the conditions of Theorem 2.18 hold, we note
first that X’e/n =3¢ _| X}€,/n. where X, is the n X k matrix with rows
X,, and €, is the n X 1 vector with elements €,,. By assumption (iiia),
{Xi€.m> &, ) is @ Martingale difference sequence. Because the moment
conditions of Exercise 3.78 are satisfied by (iiib), we have n™!
= X € ——0,h=1,...,pi=1,... ksoXen=—0by
Proposition 2.11.

Next, Proposition 3.50 ensures that {X;X,} is a mixing sequence
(given (ii)) that satisfies the conditions of Corollary 3.48 (given (iva)).
It follows that X’X/n— M, === 0, and M,, is O(1) (given (iva)) by
Jensen’s inequality. Hence the conditions of Theorem 2.18 are satis-
fied and the result follows.

Note that the conditions placed on X, by (ii) and (iva) ensure that
X’X/n — M, —== 0 and that these conditions can be replaced by any
other conditions that ensure the same conclusion.

A result for the IV estimator can be obtained analogously.

ExXERCISE 3.80: Prove the following result. Given

(i) y=XB,+e

(i) {(Z,,X,,€,)}isamixing sequence with ¢(m) of size r/(2r — 1),
r=1ora(m)ofsizer/(r— 1), r>1;

(i) (@) E(Z,€48,—1) =0, where {3,} is adapted to {Z,€,),

h=1,...,pi=1,....,1L
(b) E\Z,€,” <A< for some r>1, and all h=
I, ...,pi=1,...,landr;
(iv) (@) E|Z,X,l"° <A< for some 6>0, and all h=
L, ...,pi=1...,[j=1, ...,k andt,

(b) Q, = E(Z’X/n) has uniformly full column rank;
(c) P,—P,==0, where {P,} is O(l) and is uniformly
positive definite.

Then B, exists a.s. for all  sufficiently large and g, ==~ 8,.

As with results for the OLS estimator, (i1) and (iva) can be replaced
by any other conditions that ensure Z’ X/n — Q, —— 0. Note that
assumption (i) is stronger than absolutely necessary here. Instead, it
suffices that {(Z,, X,)’) is appropriately mixing. However, assump-
tion (ii) is needed later to ensure the consistency of estimated covar-
iance matrices.
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CHAPTER IV

Asymptotic Normality

In the classical linear model with fixed regressors and normally
distributed i.1.d. errors, the least squares estimator ,8,, is distributed as
multivariate normal with E(8,) = 8, and var 8, = 62 (X’ X)™! for any
sample size n. This fact forms the basis for statistical tests of hypothe-
ses, based typically on - and F-statistics. When the sample size is
large, econometric estimators such as 8, have a distribution that is
approximately normal under very general conditions, and this fact
forms the basis for large sample statistical tests of hypotheses. In this
chapter we study the tools used in determining the asymptotic distri-
bution of §,, how this asymptotic distribution can be used to test
hypotheses in large samples, and how asymptotic efficiency can be
obtained.

IV.1 Convergence in Distribution

The most fundamental concept is that of convergence in distribu-
tion.

DEFINITION 4.1: Let {b,) be a sequence of random finite-dimen-
sional vectors with joint distribution functions {F,}. If F,(z) — F(z)
as n — o for every continuity point z, where F is the distribution
function of a random variable Z, then b, converges in distribution to
the random variable Z, denoted b, > Z.

61
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Heuristically, the distribution of b, gets closer and closer to that of
the random variable Z, so the distribution F can be used as an
approximation to the distribution of b,. When b, — Z we also say
that b, converges inlawto Z (wrltten b, 4 ), or that b, is asymptoti-
cally distributed as F, denoted b, ~ A F. Then Fis called the limiting
distribution of b,. Note that the convergence specified by this defini-
tion is pointwise and only has to occur at points z where F is continu-
ous.

ExAMPLE4.2: Let {b,} beasequence ofi.i.d. random variables with
distribution function F. Then (trivially) F is the limiting distribution
of b,.

This illustrates the fact that convergence in distribution is a very
weak convergence concept and by itself implies nothing about the
convergence of the sequence of random variables.

ExaMpPLE 4.3: Let {Z,) be i.i.d. random variables with mean u and
variance g2 < . Define b,=(Z,— E(Z,))/(var Z,)'* = n""2 31|
(Z,— w/o. Then by the Lindeberg-Levy central limit theorem
(Theorem 5.2), b, ~ A N, 1).

In other words, the sample mean Z,,, when standardized, has a
distribution that approaches the standard normal distribution. This
result holds under very general conditions on the sequence {Z,}, and
the conditions under which this convergence occurs are studied at
length in the next chapter. In this chapter, we simply assume that
such general conditions are satisfied, so convergence in distribution is
guaranteed.

Convergence in distribution is meaningful even when the limiting
distribution is that of a degenerate random variable.

LEMMA 4.4: Suppose b, £ p (aconstant). Thenb, A F,, where F,
is the distribution function of a random variable Z that takes the value
b with probability one (i.e., b, <4 b). Also, if b, A F,, then b, = b.

Proof: See Rao [1973, p. 120].

In other words, convergence in probability to a constant implies
convergence in distribution to that constant. The converse is also
true.

A useful implication of convergence in distribution is the following
lemma.
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LEMMA 4.5: If b, < Z, then b, is O,(1).

Proof: Recall that b,is O,(1) 1f givenany é > 0, lim P[|b,| > A] < J
for some A < oo, Because b, 47, P[|b,|> Al — P[|Z|> A}, pro-
vided (without loss of generality) that A and — A are continuity points
of the distribution of Z. Hence lim P[|b,|> A] = P[|Z|> A] < ¢ for
any ¢ > 0 and A sufficiently large.

This allows us to establish the next useful lemma.

LEMMA 4.6 (Product rule). Recall from Corollary 2.36 that
if {A,,} is o,(1) and {b,} 1s O (1) then {A,b,} is o,(1). Hence, if
A, —*Oandb 4z, then 4, b

In turn, this result is often used in conjunction with the following
result, which is one of the most useful of those relating convergence in
probability and convergence in distribution.

LEMMA 4.7 (Asymptotic equivalence): Let {a,} and {b,) be
sequences of random vectors. If a,— b, 2.0 and b,— Z, then
a, Lz

Proof- See Rao [1973, p. 123].

This result is helpful in situations in which we wish to find the
asymptotic distribution of a,, but cannot easily do so directly. Often,
however, it is easy to find a b, that has a known asymptotic distribution
and that satisfiesa, — b, £.0. Lemma 4.7 then ensures that a, hasthe
same limiting dlstnbutlon as b,, and we say that a,, is asymptotlcally
equivalent” to b,. The joint use of Lemmas 4.6 and 4.7 is the key to
the proof of the asymptotic normality results for the OLS and IV
estimators.

Another useful tool in the study of convergence in distribution is the
characteristic function.

DEFINITION 4.8: Let Z be a k X 1 random vector with distribution
function F. The characteristic function of Z is defined as f(A) =
E(exp iA’Z), where i2=—1 and Adis a k X | real vector.

ExAMPLE 4.9: Let Z be a nonstochastic real number, Z = ¢. Then
f(A)= E(exp iAZ) = E(exp iAc) = exp iAc.

EXAMPLE 4.10: (i) Let Z ~ Mu, 02). Then f(A) = exp(iiu —
A26%/2). (ii)Let Z ~ N(u, V), where uisk X 1 and Visk X k. Then
SR =exp(il’'u— A'VA/2).
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A useful table of characteristic functions is given by Lukacs [1970, p.
18].

Because the characteristic function is the Fourier transformation of
the distribution function, it has the property that any characteristic
function uniquely determines a distribution function, as formally
expressed by the next result.

THEOREM 4.11 (Uniqueness theorem). Two distribution func-
tions are identical if and only if their characteristic functions are
identical.

Proof: See Lukacs [1974, p. 14].

Thus the behavior of a random variable can be studied either through
its distribution function or its characteristic function, whichever is
more convenient.

ExAMPLE 4.12: The distribution of a linear transformation of a
random variable is easily found using the characteristic function.
Consider ¥ = A’Z,where A" isag X kmatrix. Letfbeg X 1. Then
J4(0) = E(exp i0’Y) = E(exp i0’A’Z) = E(exp iA'Z) = f;(4), defin-
ing A = A6. Hence if Z ~ N(u, V), fo(6) = fz(A) = exp(ii’y —
A'VAJ2)y=exp(i@’A’'u — 6’'A'VAB/2) so that Y ~ N(A'u, A’VA) by the
uniqueness theorem.

Other useful facts regarding characteristic functions are the follow-
ing.

ProrosITION 4.13: Let ¥ = aZ + b, a, bER. Then f,(A)=
Jfz(ald) exp iAb.

Proof’ f4(1) = E(exp iAY) = E(exp iM(aZ + b)) = E(exp irlaZ -
exp iAb) = E(exp idaZ) exp iAb = f7(Aa) exp iAb.

PROPOSITION 4.14: Let ¥ and Z be independent. Then if & =
Y + Z, [(A) = fo D) [z ().

Proof: fy(A) = E(expils) = E(exp iM(¥ + Z)) = E(expil¥Y
exp iAZ) = E(exp iAY)E(exp iAZ) by independence. Hence f4(1) =
Sy (D) fz(D).

ProPOSITION 4.15: If the kth moment y, of a distribution function

F exists, then the characteristic function fof F can be differentiated &
times and f®(0) = i*u,, where ¥ is the kth derivative of f.



IV.1 Convergence in Distribution 65

Proof- This is an immediate corollary of Lukacs [1970, Corollary 3
to Theorem 2.3.1, p. 22].

EXAMPLE 4.16: Suppose that Z ~ N(O, ¢?). Then f/(0) =
J7(0)=—0a2 [”(0)=0, etc.

The main result of use in studying convergence in distribution is the
following.

THEOREM 4.17 (Continuity theorem): Let {b,} be a sequence of
random k X 1 vectors with characteristic functions { f,(A)}. Ifb, Lz,
then forevery 4, f,(A) — f(4), where f(1) = E(exp iA'Z). Further iffor
every 4, f,(A) — f(4) and fis continuous at A = 0, then b, < Z, where
f(A) = E(exp i’ Z).

Proof: See Lukacs [1970, pp. 49-50].

This result essentially says that convergence in distribution is equiv-
alent to convergence of characteristic functions. The usefulness of the
result is that often it is much easier to study the limiting behavior of
characteristic functions than distribution functions. If the sequence
of characteristic functions f,(4) converges to a characteristic function
f(A) that is continuous at A =0, this theorem guarantees that the
limiting distribution F of b, is that corresponding to the characteristic
function f(A).

In all the cases that follow, the limiting distribution F will either be
that of a degenerate random variable (following from convergence in
probability to a constant) or be a multivariate normal distribution
(following from an appropriate central limit theorem). In the latter
case, it is often convenient to standardize the random variables so that
the asymptotic distribution is unit multivariate normal. To do this we
can use the matrix square root.

EXERCISE 4.18: Prove the following. Let V be a positive (semi)
definite symmetric matrix. Then there exists a positive (semi) definite
symmetric matrix square root V''/2 such that the elements of V' are
continuous functions of V and V'2V'2 =V, (Hint: Express V as
V= Q’DQ where Q is an orthogonal matrix and D is diagonal with the
eigenvalues of " along the diagonal.)

EXERCISE 4.19: Show that if Z ~ N(0, V'), then V=12Z ~ N(0, I),
provided V is positive definite, where V12 = (V1/2)71,
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DEfFINITION 4.20: Let {(b,} be a sequence of random vectors. If
there exists a symmetric matrix V, positive definite for all n sufficiently
large such that V;2h, & N(0, 1), then V, is called the asymptotic
covariance matrix of b,, denoted avar b,,.

When var b, is finite, we can usually define V, = var b,. Note that
the behavior of b, is not restricted to require that V, converge to any
limit, although it may. Generally, however, we will at least require
that the smallest eigenvalues of V, and V! are uniformly bounded
away from zero for all n sufhiciently large. Even when var b, is not
finite, the asymptotic covariance matrix can exist, although in such
cases we cannot set V, = var b,,.

ExaMPpLE 4.21: Define b,=2Z + ¥ /nwhere Z ~ N(0, 1) and ¥ is
Cauchy, independent of Z. Then var b, is infinite for every n, but
b, ~ N(0, 1) as a consequence of Lemma 4.7. Hence avar b,=1.

Given a sequence {V;'/2h,} that converges in distribution, we shall
often be interested in the behavior of linear combinations of b, say,
{4,b,}, where A4, like V2, is not required to converge to a particular
limit. We can use characteristic functions to study the behavior of
these sequences by making use of the following corollary to the
continuity theorem.

COROLLARY 4.22: If 1 € R* and a sequence { f,(4)} of characteristic
functions converges to a characteristic function f(4), then the conver-
gence is uniform in every compact subset of R*.

Proof: This is a straightforward extension of Lukacs [1970, p. 50].

This result says that in any compact subset of R* the distance
between f,(A) and /(1) does not depend on A, but only on n. This fact is
crucial to establishing the next result.

LEMMA 4.23: Let {b,} be a sequence of random & X 1 vectors with
characteristic functions { f,(1)}, and suppose /(1) — f(4). If{4,}isany
sequence of k X g nonstochastic matrices such that {4,} is O(1), then
the sequence {4,b,} has characteristic functions { /*(6)}, where 0 is
g X 1, such that for every 6, f*(0) — f(4,6) — 0.

Proof: From Example 4.12, f}(0) = f(4,0). Forfixed 6, 1, = A,0
takes values in a compact region of R¥, say, WV, for all n sufficiently
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large because {4,} is O(1). Because f,(4) — f(4), we have f(4,) —
f(4,)) — 0 uniformly for all 1, in N,, by Corollary 4.20. Hence for
fixed 0, £,(A4,0) — f(4,8) = fX6) — f(4,06) — 0 for any O(1) sequence
{4,). Because 0 is arbitrary, the result follows.

The following consequence of this result is used many times below.

COROLLARY 4. 24 Let {b,} be a sequence of random k X 1 vectors
such that V"/zb ~ N(0, I), where {V,,} and {V;;!} are O(1). Let{4,)
be a O(1) sequence of (nonstochastic) & X g matrices with full column
rank g for all n sufficiently large, uniformly in n. Then the sequence
(A.b,) is such that I';'24.h, & N(0, I), where I', = 4.V, A, and (T",)}
and {I';'} are O(1).

Proof: {I',,} is O(1) by Proposition 2.30. (I';;'}is O(1) because {I",,}
is O(1) and det I',, > 6 > 0 for all n sufficiently large, given the condi-
tions on {4,} and {V,}. Let f*(6) be the characteristic function of
I';1240b, = TV2A VY2V, 2D, Because {I',;'24,V1?%) is O(1),
Lemma 4.23 applies, implying f¥(8) — f(V 24, ;'/20) — 0, where
J(4) = exp(—A’A/2), the limiting characteristic function of V;/2b,,.
Now f(V/?A4,I',120) = exp(—6'T" ;' 24, V, A, ;,1126/2) = exp(— 6’6/
2) by defmmon of I';'2.  Hence f*(/l) — exp(—6’6/2) — 0, so

124, b, ~ L N, I) by the continuity theorem 4.17.

This result allows us to complete the proof of the following very
general asymptotic normality result for the least squares estimator.

THEOREM 4.25: Given
i) y=XB,t+e
(i) V;Y2n~12X’e ~ N(0, I), where V,, = var(n~2X€)is O(1) and
umformly posmve definite;
(m) X'X/n—M, £ 0, where M, = E(X’X/n) is O(1) and uni-
formly positive definite.
Then D;'2Vn(B, — B.) & N(0, 1), where D, = M;'V,M;'. Suppose
in addition that

@iv) there ex1sts V positive §em1deﬁn1te and symmetnc such that
-V, £.0. Then D,—D, —'0 where D (X’ X/n)™!
n(X X/n)‘

Proof: Because X’X/n — M, = 0 and M,, is finite and nonsingular
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by (i), (X’ X/n)"! and ﬁ,, exist in probability. Given (i) and the
existence of (X’ X/n)™,

(B, = B,) = (X'X/n)'n"2X'e.
Hence, given (ii),
Vn(B, — B,) — M;'n72X’e = [(X’ X/n) — M;!|VI2V;12p~12X €,
or, premultiplying by D;'/,
D;'2Vn(f, — ) — D;M;'n"?X'e
=D, (X" X/n)™ — M;' V2V, 12712 X e,

The desired result will follow by applying the product rule lemma 4.6
to the line immediately above, and the asymptotic equivalence lemma
4.7 to the preceding line. Now V,;2p~12X’¢e A N, T) by (ii); fur-
ther, D;'2[(X’X/n)™" — M ']V} is 0,(1) because D, "2 and V) are
O(1) given (ii) and (iii), and [(X’ X/n)™' — M '] is 0,(1) by Proposition
2.30 given (ii). Hence, by Lemma 4.5,

D; ' Vn(B, = Bo) — D7"2M;'n""2X’€ = 0.

By Lemma 4.7, the asymptotic distribution of D;'2 Vr(8, — B,) is the
same as that of D,;'2M'n~"2X’e. We find the asymptotic distri-
bution of this random variable by applying Corollary 4.24, which
immediately yields D;'/ZM;‘n"”X’eAA N0, 1).

Because (ii), (iii), and (iv) hold, D, — D, 5 0 as an immediate
consequence of Proposition 2.30.

The structure of this result is very straightforward. Given that the
model is truly linear, we require only that (X’ X/#n) and (X’'X/n)~! are
O,(1) and that n~"/2X’e is asymptotically unit normal after standar-
dizing by the inverse square root of its asymptotic covariance matrix.
The asymptotic covariance (dispersion) matrix of \/ﬁ(ﬂ,, —B.)isD,,
which can be consistently estimated by D,. Note that this result
allows the regressors to be stochastic and imposes no restriction on the
serial correlation or heteroskedasticity of €,, except that needed to
ensure that (i1) holds. As we shall see in the next chapter, only mild
restrictions are imposed in guaranteeing (ii).

In special cases, it may be known that V, has a special form. For
example, when €, is an i.i.d. scalar with E(e,) = 0, E(€?) = g2, and X,
nonstochastic, then V, = ¢2X’X/n. Finding a consistent estimator
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for V, then requires no more than finding a consistent estimator for
o2.
In more general cases considered below it is often possible to write
V, = E(X'ee’ X/n) = E(X'Q,X/n).

Finding a consistent estimator for V,, in these cases is made easier by
the knowledge of the structure of Q,. However, even when €, is
unknown, it turns out that consistent estimators for V, are generally
available. The conditions under which V, can be consistently esti-
mated are treated in Chapter VI

A result analogous to Theorem 4.25 is available for instrumental
variables estimators. Because the proof follows that of Theorem 4.25
very closely, proof of the following result is left as an exercise.

EXERCISE 4.26: Prove the following result. Given

(i) y=XB +e
() V;Y2n"12Z’€ X N(0, 1), where V,=var(n~'2Z’€)isO(1) and
uniformly positive definite;
(i) (@) Z'X/n— Q,=> 0, where Q,= E(Z’X/n) is O(1) with
uniformly full column rank;
(b) There exists P, such that B, — P, = 0 and P,is O(1)and
uniformly positive definite.

Then D;'2Vn(8, — B,) * N(0, T), where
D, = (Q;P.Q,)'Q;P,V,P,Q,(Q;P,Q,)".
Suppose in addition that

(iv) There exiits V, positive semidefinite and symmetric such that
V,—V,20.

Then D, — D, — 0, where
D, = (X'ZP,Z’'X/n? (X' Z/n)P,V B (Z' X/n\ X' ZP,Z'X/n?) .

IV.2 Hypothesis Testing

A direct and very important use of the asymptotic normality of a
given estimator is in hypothesis testing. Often, hypotheses of interest
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can be expressed in terms of linear combinations of the parameters as

R, =,
(GXkNEX 1) {gX 1)
where R and r are a matrix and a vector of known elements that,
through RS, = r, specify the hypotheses of interest. For example, if
the hypothesis is that the elements of 8, sum to unity, R=[1, 1, . . . ,
lJandr=1.

Several different approaches can be taken in computing a statistic to
test the null hypothesis RS, = r versus the alternative RS, # r. The
methods that we consider here involve the use of Wald, Lagrange
mudtiplier, and quasi-likelihood ratio statistics.

Although the approaches to forming the test statistics differ, the way
that we determine their asymptotic distributions is the same. In each
case we exploit an underlying asymptotic normality property to obtain
a statistic distributed asymptotically as y2. To do this we use the
following results.

LEMMA 4.27: Letg: Rk — R'be contmuous onRkandlet b, — L7
k X | random vector. Then g(b, )—' g(2Z).

Proof: See Rao [1973, p. 124].

CoROLLARY 4.28: Let V;2b, 2 N(0,1,). Then b.V;lb,=
bV a2V b, ~ 2k,

Proof: By hypothesis, V;‘/zb,l Z~ NQO,I,). The functlon
g(z)= z’z is continuous on RX. Hence b,V,'b,=g(V;'?b, )5
82)=27'Z ~ xi.

Typically, V, will be unknown but there will be a consistent estima-

tor V such that V -V, 2.0. To replace V, in Corollary 4.28 with
V , we use the following result.

LEMMA 4.29: Let g R — R/ be continuous on R*. Ifa,—b,—>0
and b, — %, Z, then g(a,) — g(b,) 2. 0and gla,) £ 2(2).

Proof: Rao [1973, p. 124] proves that g(a,) — g(b,) —
That g(a, )—» 2(Z) follows from Lemmas 4.7 and 4.27.

Now we can prove the result that is the basis for finding the
asymptotic distribution of the Wald, Lagrange multiplier, and quasi-
likelihood ratio tests.
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THEOREM 4.30: Let V;;'/2b, A N(O, I,), and suppose there exists v,
positive semidefinite and symmetric such that ¥, — ¥, = 0, where V,
is O(1), and for all n sufficiently large, det V,>d>0. Then
by Vb, ™ 13

Proof- We apply Lemma 4.29. Consider V';12b, — V;1/2b,, where
P-172 exists in probability for all # sufficiently large. Now V;1/2b, —
V2, = (V; "2V 2 —1)V;'%%b,. By hypothesis, V522, > N(0, 1),
and V;2V12— 120 by Proposition 2.30. It follows from the
product rule lemma 4.6 that V;12p,— V;12p, 0. Because
vorp 47 ~N@©, 1), it follows from Lemma 4.29 that
biVab, > 23

The Wald statistic allows the simplest analysis, although it may or
may not be the easiest statistic to compute in a given situation. The
motivation for the Wald statistic is that when the null hypothesis is
correct, RB, should be close to RS, = r, so a value of RS, — r far from
zero is evidence against the null hypothesis. To tell how far from zero
RB, —r must be before we reject the null hypothesis, we need to
determine its asymptotic distribution.

THEOREM 4.31 (Wald test): Let the conditions of Theorem 4.25
hold and let rank R = ¢ = k. Then under Hy:RB, =,

(i) T;72n(RB,—r) 2 N, I), where
I,=RD,R’=RM;!'V,M;'R’.
(ii) the Wald statistic W, = n(Rf, —r)’'I';'(RB, —r) ~ x2, where
[, =RD,R’ = R(X’X/n)"'V (X’ X/n)"'R".

Proof: (i) Under Hy, R, —r=R(B,— B,), soT;'2Vn(RB, —r) =
I';'2RD;2D;2Vn(B, — B,). It follows from Corollary 4.24 that
I;'2Vn(RB, —r) 2 N(O,I). gii) Because D, — D, = 0 from Theorem
4.25, it follows that I, — I, = 0 by Proposition 2.30. Given the re-
sult in (i), (ii) follows from Theorem 4.30.

This version of the Wald statistic is useful regardless of the presence
of heteroskedasticity or serial correlation in the error terms because a
consistent estimator (V,) for V,, is used in computing I",. In the
special case when V,, can be consistently estimated by 62(X’X/n), the
Wald test has the form

W, = n(RB, — r)'[R(X’X/n)"'R']"'(RB, — 1)/82,
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which is simply g times the standard F-statistic for testing the hypoth-
esis RB, =r. The validity of the asymptotic x2 distribution for this
statistic depends crucially on the consistency of V,, = 82(X’X/n) for
V,; if this V,, is not consistent for V,,, the asymptotic distribution of
this form for W, is not x3 in general.

The Wald statistic is most convenient in situations in which the
restrictions RS, = r are not easy to impose in estimating §,. When
these restrictions are easily imposed (say, RS, = r specifies that the last
element of B, is zero), the Lagrange multiplier statistic is more easily
computed.

The motivation for the Lagrange multiplier statistic is that a con-
strained least squares estimator can be obtained by solving the prob-
lem

mﬂin(y —XB)'(y — XB)/n st. Rf=r,

which is equivalent to finding the saddle point of the Lagrangian
L= —XB)'(y—Xp)/nt(RE—1)'A

The Lagrange multipliers A can be thought of as giving the shadow
price of the constraint and should therefore be small when the con-
straint is valid and large otherwise. (See Engle [1981] for a general
discussion.) The Lagrange multiplier test can be thought of as testing
the hypothesis that A = 0.

The-first order conditions are

0LJ3B=2X'X/n)B — 2X'y/n + R'A=0
9L/oA=RB—r=0.

To solve for the estimate of the Lagrange multiplier, premultiply the
first equation by R(X’X/n)! and set Rf=r. This yields
A, = 2RX"X/n)'R")(RB, — 1)

B.=B,— (X’X/n)'R'4,/2,

where f, is the constrained least squares estimator (which automati-
cally satisfies RS, = 1). In this form, 4, is simply a nonsingular
transformation of R, —r. This allows the following result to be
proved very simply.

THEOREM 4.32 (Lagrange multiplier test): Let the conditions of
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Theorem 4.25 hold and let rank R =g < k. Then under Hy:RB, =,
() A;"2Vni,~ N, I), where
A, =4RM;'R) T (RM,'R")!

and I, is as defined in Theorem 4.31.
(i) The Lagrange multiplier statistic LM, = ni,, A7, ~)(,,,
where

A, = 4RX’X/ny " R'Y'RX"X/n) 'V (X X/n) 'R’
X (R(X’X/n)"'R")™!

and V is computed from the constrained regression such that V, —
Vv, 2 0 under H,.

Proof: (1) Consider the difference
A;2Vnd, — 2A;HRM;'R’ Y Wn(RB, — 1)
=2A[(RX'X/n) 'R) ! — (RM"R’)“]]"”ZI‘“/Z(Rﬁ —r).

From Theorem 4.31, T";, l/Z(Rﬂ,, - r) ~ N(0, I). Because (X'X/n) —

2.0, it follows from Proposition 2.30 and the fact that A, and
r “i72 are O(1) that A; "2 [(R(X'X/n)"'R/)™! — (RM, 'R’)_']I"'/2 —0.
Hence by the produce rule lemma 4.6,

A;nd, — 2A; 7 RM;'R)"Wn(RB, — 1) = 0.

It follows from Lemma 4.7 that A;2Vnj 14,, has the same asymptotic
distribution as 2A“/2(RM"R’)“\/_ (Rﬂ,, —r). It follows immedi-
ately from Corollary 4.24 that 2A;HRMRY " Wn(RB, — 1)~
N(, 1); hence A;'2Vni, ~ N(O, I).

(11) Because V,— V,— 0 by hypothesis and (X’X/n) — £ 0,
A —A, 20 by Proposition 2.30. Given the result in (i), (ii) follows
from Theorem 4.30.

Note that the Wald and Lagrange multiplier statistics would be
identical if V,, were used in place of V,. This suggests that the two
statistics should be asymptotically equivalent.

ExXERCISE 4.33: Prove that under the conditions of Theorems 4.31
and 4.32, W, — LM, > 0.

Although the fact that 4, is a linear combination of Rﬁ,, — r simpli-
fies the proof of Theorem 4.32, the whole point of using the Lagrange
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multiplier statistic is to avoid computing 8, and to compute only the
simpler ,8,, Computation of ﬁ,, is particularly simple when the model
is y= X8, + X,8, + € and H, specifies that §, (a ¢ X 1 vector) is
zero. Then

R=] 0 :1] r=0,

(4Xk—q) (gXq) (gx1)

and B, = (§,,, 0) where f,, = (X;X,)"'Xy.

EXERCISE 4.34: Define €=y —X,f,,. Show that under
Hy:p, =0,
A, =2X51— X(X X)X e/n
= 2X%€/n.
(Hint: RB, —r=RX’X/n)"'X"(y — XB,)/n).

By applying the particular form of R to the result of Theorem
4.32(ii), we obtain

LM, = nd[(= XX (XX) IV (= XX (XX ) 1) 17'4,/4.

When V, can be consistently estimated by V, = #2(X’X/n), where
&%= €’e/n, the L M, statistic simplifies even further.

ExErciSE 4.35: If 62(X’X/n)— V, =0 and B, =0, show that
LM, = ne’ X(X'X)'X'e/(€’€), which is n times the simple R? of the
regression of € on X.

The result of this exercise implies a very simple procedure for testing
B, =0 when V, = g2M,,. First, regress y on X, and form the con-
strained residuals €. Then regress € on X. The product of the sample
size n and the simple R? (i.e., without adjustment for the presence of a
constant in the regression) from this regression is the .L.#,, test statistic,
which has the yx2 distribution asymptotically. As Engle [1981]
showed, many interesting diagnostic statistics can be computed in this
way.

When the errors €, are scalar i.i.d. N(0, 62) random variables, the
OLS estimator is also the maximum likelihood estimator (MLE)
because B, solves the problem

max L(B,0,y) =exp [— nlogV2n —nlogo —4 E (y,— X,ﬂ)z/az],

=1

where L(B, a; y) is the sample likelihood based on the normality
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assumption. When g, is not i.i.d. N(0, g2), ﬁ,, is said to be a quasi-
maximum likelihood estimator (QMLE).
When B, is the MLE, hypothesis tests can be based on the log-likeli-
hood ratio
LR, =108[L(B,, 8,3 V) L(B,, 6.3 Y],
where 62 = n~! 3", (y, — X,B,)? as before and §,, &, solves

max L(B, a;y) st. RB=r.

It is easy to show that B, is the constrained OLS estimator and ¢2 =
€’e/n as before. The likelihood ratio is nonnegative and always less
than or equal to 1. Simple algebra yields

LR, = (n/2) log(67/67).
Because ¢2 =62+ (B, — B,)" (X’ X/n)X B, — B,) (verify this),
LR, =—(n/2)log[! + (B, — B,) (X' X/n) B, — B,)/52].
To find the asymptotic distribution of this statistic, we make use of the

mean value theorem of calculus.

THEOREM 4.36 (Mean value theorem): Let s: R* — R! be defined
on an open convex set © C R*such that sis continuously differentiable
on O with gradient Vs. Then for any points # and 6, € O there exists §
on the segment connecting 6 and 6, such that s(8) = s(0,) + Vs(8)
(60— 6,).

Proof: See Bartle [1976, p. 365].

For the present application, we choose s(8) =log(1 + 8). If we also
choose 8, =0, we have s(0) = (log 1) + (1/1 + 0) 6=(/1+ 0) 6,
where 4 lies between 0 and zero. Let 6, = (ﬂ,, ﬂ,, (X’ X/nX ﬂ -
B.)/62 so that under H,, |8, <|6,|—= 0; hence 8, = 0. Applying the
mean value theorem now gives

LR, =—(n/2(1 + 8,5 (B, — B,) X' X/n) B, — B,)/62.
Because (1 + 8,)! £ 1, it follows from Lemma 4.6 that
—2LR, = n(B,— B)' (X' X/n)B, — )83 =0,
provided the second term has a limiting distribution. Now

B, — B, = (X’ X/ny'R"(R(X’ X/n) 'R’y (Rf, — r).
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Thus
—2LR,— n(RB, — r)’[RX’'X/n)'R'"(RB, — r)/62 > 0.

This second term is the Wald statistic formed with V, = (X’ X/n), so
—2.L R, 1s asymptotically equivalent to the Wald statistic and has the
X3 distribution asymptotically, provided §%(X’X/n) is a consistent
estimator for V,,. If this is not true, then —2.£L &, does not in general
have the x2 distribution asymptotically. It does have a limiting
distribution, but not a simple one that has been tabulated or is easily
computable. Note that it is not violation of the normality assumption
per se, but the failure of V,, to equal a2M,, that results in —2.£L %, not
having the x2 distribution asymptotically.

The formal statement of the result for the L7, statistic is the
following.

THEOREM 4.37 (Likelihood ratio test). Let the conditions of
Theorem 4.25 hold, let rank R = g < k, and let §2(X’ X/n) — V,, £0.
Then under Hy:RBy =1, —2LR, > X2

Proof: Set V,,in Theorem 4.31to V, = §2(X’ X/n). Then from the
argument preceding the theorem above —2.L R, — W, £.0. Because
w A X2, it follows from Lemma 4.7 that —2L R, A X

The mean value theorem just introduced provides a convenient way
to find the asymptotic distribution of statistics used to test nonlinear
hypotheses. In general, nonlinear hypotheses can be conveniently
represented as

H055(ﬂo) = 09

where s: R* — R?is a continuously differentiable function of §.

ExaMPLE 4.38: Suppose y = X, 8, + X, 8, + X35, + €, where X,,
X,,and X5 are n X 1 and 8, B,, and B; are scalars. Further, suppose
we hypothesize that 8; = §,8,. Then s(f;) =5 — 8,8, = 0 expresses
the null hypothesis.

Just as with linear restrictions, we can construct a Wald test based on
the asymptotic distribution of s(f,); we can construct a Lagrange
multiplier test based on the Lagrange multipliers derived from mini-
mizing the least squares (or other estimation) objective function sub-
ject to the constraint; or we can form a log-likelihood ratio.
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To illustrate the approach, consider the Wald test based on s( ﬂ,,
As before, a value of s( B,) far from zero is evidence against H,. To tell
how far s(8,) must be from zero to reject H,, we need to determine its
asymptotic distribution. This is provided by the next result.

THEOREM 4.39 (Wald test): Let the conditions of Theorem 4.25
hold and let rank Vs(f,) = ¢ < k. Then under H,:s(8,) =0,

() T;"Vns(B,)* N(O,]I), where
I, = Vs(8,)D,Vs(B,)".
(i) The Wald statistic W, = n s(8,)'T'>'s(8,) A X2, where
£, =vs(B,)D,vs(8,)’
= Vs(B, )X’ X/ny V(X' X/n)"'Vs(B,)".

Proof: (i) Because s(f) is a vector function, we apply the mean value
theorem to each element s(B8),i=1, . . . , q,

si(B.) = si(Bo) + Vs(BYN B, — B.),
where fis a k X 1 vector lying on the segment connecting f, and 8, .
The superscript (i) reflects the fact that the mean value may be
different for each element s,(8) of s(8).
Under Hy, s/(8,)=0,i=1,...,4q,5s0
Vns(B,) = Vs(BOVn(B, — B,).
This suggests considering the difference
Vnsi(B,) — Vs BIn(B, — Bo)

= (Vsi(ﬁg)) - Vsi(ﬂo))\/’_t(ﬁn - ﬂo)

= (Vs,(BP) — Vs, (ﬂo»D'ﬂD-'ﬂf (B,— B,
By Theorem 4.25, D;'2Vn(B,— B.) X N, D). Because B, 2B, it
follows that B9 2 8., so Vs,(f%) — Vs,(B,) = 0 by Proposition 2.27.
Because D1/2is O(1), we have (Vs,(f9) — Vs,(8,))DY2 = 0. It follows
from Lemma 4.6 that

Vns((B,) = Vs BNn(B,— B) =0, i=1,...,q

In vector form this becomes

Vns(B,) — Vs(B,Wn(B, — B,) =0,
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and because I';'/2 is O(1),
I;¥2Vns(B,) — T;'2Vs(BVn(B, — Bo) = 0.

Corollary 4.24 immediately ylelds I;'29s(BWn(B, — B,) ~ N, 1),
so by Lemma 4.7, T'; ‘/2\/7ts(ﬂ )& N(O I).

(i1) Because D,— D, 0 from Theorem 4.25 and Vs(ﬂ,,) -
vs(B,) £0 by Proposmon 2.27, 1" I, 0 by Proposition 2.30.
Given the result in (i), (i1) follows from Theorem 4.30.

Note the similiarity of this result to Theorem 4.31 which gives the
Wald test for the linear hypothesis Rf, =r. In the present context,
s(B,) plays the role of RS, — r, whereas Vs(8,) plays the role of R in
computing the covariance matrix.

EXERCISE 4.40: Write down the Wald statistic for testing the hy-
pothesis of Example 4.38.

ExERCISE 4.41: Give the Lagrange multiplier statistic for testing
Hy:s(B,) =0 versus H,:s(f,) # 0,and derive its limiting distribution
under the conditions of Theorem 4.25.

EXERCISE 4.42: Give the Wald and Lagrange multiplier statistics
for testing the hypotheses RS, = r and s(f,) = 0 on the basis of the IV
estimator B, and derive their limiting distributions under the condi-
tions of Exercise 4.26.

IV.3 Asymptotic Efficiency

Given a class of estimators (e.g., the class of instrumental variables
estimators), it is desirable to choose that member of the class that has
the smallest asymptotic covariance matrix (assuming that this
member exists and can be computed). The reason for this is that such
estimators are obviously more precise, and in general allow construc-
tion of more powerful test statistics. In what follows, we shall abuse
notation slightly and write avar ﬁ,, instead of avar Vn(8, — 8,).

DEFINITION 4. 43: Given two consistent asymptotically normal es-
timators §, and B*, B* is said to be asymptotically efficient relative 10§,
if and only if for all n sufficiently large, avar ﬁ — avar B is positive
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semidefinite for any §,. Given a class of estimators, a member of that
class is asymptotically efficient within the class if and only if it is
asymptotically efficient relative to every other member of its class.

The estimators we consider are the instrumental variables estimators
B.=(X"ZP,Z’X)"'X"ZP,Z"y.

We saw in Exercise 4.26 that the asymptotic covariance matrix of these
estimators is

D,=(Q,P,Q,)"'Q;P,V,P,Q,(Q,P.Q,)".

We now consider the problem of how the IV estimator can be con-
structed so as to make D, as small as possible.

We first consider how P, can be optimally chosen. Until now, we
have let P, be any positive definite matrix. It turns out, however, that
by choosing P, = V!, one obtains an asymptotically efficient estima-
tor for the class of IV estimators with given instrumental variables Z.
To prove this, we make use of the following proposition.

PrROPOSITION 4.44: Let A and B be positive definite matrices of
order k. Then A — B is positive semidefinite if and only if B™! — A™!
is positive semidefinite.

Proof: This follows from Goldberger [1964, Theorem 1.7.21, p. 38].

The usefulness of this result hinges on the fact that in the cases of
interest to us it will often be much easier to determine whether B~! —
A~!'is positive semidefinite than to examine the positive definiteness of
A — B directly.

ProProsITION 4.45: Given instrgmen}al variables Z and the condi-
tions of Exercise 4.26, the choice P, = V! gives the IV estimator

Br=(X"ZV;'Z'X)"'X' ZV;'Z,
which is asymptotically efficient within the class
B.=(X'ZP,2’X)"'X'ZP,Z"y.
Proof: From Exercise 4.26, we have
avar 87 =(Q,V,'Q,)™".

From Proposition 4.44, avar B, — avar B* is p.s.d. if and only if (avar
BEy! —(avar B,)'is p.s.d. Now for all » sufficiently large,
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(avar B3)™ — (avar £,
= Q;V3'Q, ~ Q:P.Q.(Q:P.V,P,Q.) ' Q;P.Q,
= Qv
= VI*P,Q,(Q/P.VI?VEP,Q ) QR.VIHV;2Q,
= QV;'(1 = G,(GG,)'G,)V;Q,,

where G, = V;'2P,Q,. This is a quadratic form in an idempotent
matrix and is therefore p.s.d. The result follows.

EXERCIEE 4.46: Given instrumental variables X, suppose that V;;!/2
27 X7e, ~ N(0, 1), where V, = 62M,,. Show that the asymptotically
efficient estimator is f,, under the conditions of Theorem 4.25.

EXERCISE 4.47: Given instrumental variables Z, suppose that V, '/
sn, Zi€, ~ N(0,1), where V, =02L,and L, = E(Z’ Z/n). Show that
the asymptotically efficient estimator is the two-stage least squares
estimator

Bosis= (X' ZUZ' 22 XY ' X' Z(Z' Z)' L’y
under the conditions of Exercise 4.26.

Note that the value of a2 plays no role in either Exercise 4.46 or
Exercise 4.47 as long as it is finite. In what follows, we shall simply
ignore 62, and proceed as if 62 = 1.

Proposition 4.45 provides the optimal estimator for given instru-
mental variables Z. The next result shows that whenever additional
instrumental variables satisfying the conditions of Exercise 4.26 are
available, the efficiency of the IV estimator can potentially be im-
proved by their use. To establish this, we make use of the formula for
the inverse of a partitioned matrix, which we now state for conve-
nience.

ProOPOSITION 4.48: Define the k X k nonsingular symmetric ma-

trix
_|B C
w[e 5]
where Bisk, X k;,Cisk, X k;and Disk, X k,. Then, definingE =
D—-CB'C/,

Al = B-!(I1+C’E"'CB™') —B'C’'E!
_E—ICB—I E—I .
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Proof: See Goldberger [1964, p. 27].

PROPOSITION 4.49: Partition Z as Z = (Z,, Z,) and suppose the
conditions of Exercise 4.26 hold for both Z, and Z. Define V,, =
E(Zie€’ Z,/n), ﬁ,,—(X ZVZ X)X Z, V71 Zy, and B*=
(X' ZV;'Z X)X ZV;'LYy.

Then avar B, — avar 8% is a positive semidefinite matrix for all n
sufficiently large.

P"Ofo Partition Qn as Qn (an’ Qén)a Where an = E(Z; X/n)’
Q,, = E(Z5X/n), and partition V, as

\% \Y%
V. = 1n 12nj|-
" [VZIn V2n
The partitioned inverse formula gives

V-l = V(I + Vo, ENV,, Vi) — VLV, EL!
g —EZVa, Vi, E ’

where E,=V,, =V, V'V,,,. From Exercise 4.26, we have
avar B, = (Q1,ViiQu)™,
avar B3 =(Q,V.'Q,)™".
We apply Proposition 4.44 and consider
(avar B*)~! — (avar f,)"!
=Q.V:'Q,— QL. Vi,Q,,
=[Q1., Q%1V7'[Q1,, Q2] — Q1. V1,Qyn
=QVin + ViV, E;'V2,ViNQu,
= QLEZ'Va, V1 Qi — Q1L V1 Vi EZ' Qs
+ Q%E'Q2, — Q1. V1, Qun
= QL Vi Viz.EZ' Vo Vi Q1n — QE' V21,V 12 Qus
— QL V1 Vi2:EZ'Q2, + Q2. E'Q2,
=[Q1nViaVizn = QLIE [ V21V 14 Q1 — Qan)-

Because E;;! is a symmetric positive definite matrix (why?), we can
write E!' = E;'2E 172, so that

(avar B*)~' — (avar §,)™!
= [Qinvl_anIZn - Qén]E;l/2E;l/2[V21nvl_leln - Q2n]'
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Because this is the product of a matrix and its transpose, we immedi-
ately have (avar 8*)™! — (avar #,)~! is p.s.d. so that the result follows
from Proposition 4.44.

This result states essentially that the asymptotic precision of the IV
estimator cannot be worsened by including additional instrumental
variables. We can be more specific, however, and specify situationsin
which avar 8, = avar 8%, so that nothing is gained by adding an extra
instrumental variable.

ProprosITION 4.50: Let the conditions of Proposition 4.49 hold.
Then avar f, = avar g% if and only if

EXX'Z,/n)E(Ze€’ L, /n)"'E(Zie€’ Z,/n) — E(X'Z,/n) = 0.

Proof: Immediate from the final line of the proof of Proposition
4.49.

To interpet this condition, consider the special case in which
E(Z'ee’ Z/n)= E(Z’'Z/n). In this case the difference in Proposition
4.50 can be consistently estimated by

N (X Z(ZIL) 22, — X' L,) = " X(Z(ZIZ,) 'L — DZ,.

This quantity is recognizable as the cross product of Z, and the
projection of X onto the space orthogonal to that spanned by the
columns of Z,. If we write X = X(Z,(Z1Z,)"'Z] — 1), the difference
in Proposition 4.50 is consistently estimated by X'Z,/n, so that
avar B, = avar B* ifand only if X’ Z,/n = 0, which can be interpreted
as saying that adding Z, to the list of instrumental variables is of no use
if it is uncorrelated with X, the matrix of residuals of the regression of X
onZz,.

One of the interesting consequences of Propositions 4.49 and 4.50 is
that in the presence of heteroskedasticity or serial correlation of
unknown form, there may exist estimators for the linear model more
efficient than OLS. This result has been obtained independently by
Cragg[1983] and Chamberlain [1982]. To construct these estimators,
it is necessary to find additional instrumental variables uncorrelated
with€,. IfE(g|X,) = 0, such instrumental variables are easily found,
because any measurable function of X, will be uncorrelated with ¢,.
Hence, we canset Z, = (X,, z(X,)), where z(X,)isa | X/ — k vector of
measurable functions of X,.

ExaMPLE4.51: Letp=k=1s0y,=X,8, + €,, wherey,, X, and ¢,
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are scalars. Suppose that X, is nonstochastic, and for convenience
suppose M, = n! 2, X2— 1. Let €, be independent heterogen-
eously distributed such that E(€,) = 0 and E(e?) = ¢2. Further, sup-
pose X, > J > 0 for all 1, and take z(X,) = X; ' so that Z, = (X, X['").
We consider 8, = (X’ X)X’y and 8* = (X’ ZV;'ZX)'X'ZV;'Zy,
and suppose that sufficient other assumptions guarantee that the result
of Exercise 4.26 holds for both estimators.

By Propositions 4.49 and 4.50, it follows that avar §, > avar g¥* if
and only if

n -1 n

(n“ > an}) (n“ D af) —1#0
=1 =1

orequivalently, ifand only if n=' 2, 62X2 # n~! 37, ¢2. This would

certainly occur if @, = X;;!. (Verify this using Jensen’s inequality.)

It also follows from Propositions 4.49 and 4.50 that when V,, = L,
there may exist estimators more efficient than two-stage least squares.
If / > k, additional instrumental variables are not necessarily required
to improve efficiency over 2SLS (see White [1982]); but as the result of
Proposition 4.49 indicates, additional instrumental variables (e.g.,
functions of Z,) can nevertheless generate further improvements.

This suggests that in the presence of serial correlation or heteroske-
dasticity of unknown form there may be no limit to the number of
instrumental variables available for improving the efficiency of the
estimator. The situation is different in the absence of heteroskedasti-
city or serial correlation, however. In this case it is possible to specify
precisely a finite set of instrumental variables that yield the greatest
possible efficiency in a sense made explicit below.

Although we have seen that instrumental variables need only be
uncorrelated with the errors €,, we now restrict attention to those
variables W,, such that

E(€)W,)=0, h=1,...,p; t=1,...,n

and we call the row vector W,, the set of instrumental variable
candidates for X,,. W, may be of either finite or infinite dimension,
and may include past or future values of variables first observed at
time period ¢t. Because E(€,|W,) =0, any element of W,, or any
function of the elements of W,, will be uncorrelated with €,,, and we
now consider how best to choose functions of W, as instrumental
variables. The result that we obtain below says essentially that in the
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absence of serial correlation or heteroskedasticity the best intrumental
variables are those functions of W, appearing in the conditional
expectation of X,,,, given W,

To state the result precisely, we extend the notion of asymptotic
efiiciency as follows.

DEFINITION 4.52: Given two consistent asymptotically normal es-
timators f, and B7, the estimator B} is essentially asymptotically
efficient relative 1o B, if and only if for any 6> 0, there exists N(J)
such that for all 7 > N(J), (1 + d)avar B, — avar B is positive semide-
finite for any B,. Given a class of estimators, a member is essentially
asymptotically efficient within the class if and only if it is essentially
asymptotically efficient relative to every other member of its class.

The need for Definition 4.52 arises because it is possible for two
asymptotic covariance matrices to fluctuate with # is such a way that
neither avar g, — avar B} nor avar g — avar f, is ever positive semi-
definite for all n. However, by considering the difference be-
tween something just slightly greater than avar £, and avar 8, one can
obtain a positive semidefinite matrix. Establishing that an estimator
is essentially asymptotically efficient is a consequence of using the
behavior of consistent estimates of asymptotic covariance matrices to
infer the behavior of the asymptotic covariance matrices themselves.
This is based on the following result.

LEMMA 4.53: Let A,, 4,, B, and B, be symmetric matrices such
that 4, and B, are 0(13, det 4,> €> 0 for all n sufficiently large,
A,— A,—30, B,— B,— 0 and 4, — B, is positive semidefinite for
all n. Then for any d > 0, there exists N(J) such that for all n > N(J),
(1+ 6)4,,— B, is positive semidefinite. Further, if 4, — A4 and
B, — B, where A4 and B are constant matrices, then 4 — B is positive
semidefinite.

Proof: See White [1983, Lemma A.2].

This result implies that if A,— B, is always positive semidefinite,
where 4, and B, are consistent estimators of asymptotic covariance
matrices 4, and B,, then the estimator with asymptotic covariance
matrix B, is essentially asymptotically efficient relative to that with
asymptotic covariance matrix A,. Further, if 4, and B, each con-
verges to a limit, then the qualification “‘essentially” can be removed.
The next result is established on this basis.
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THEOREM 4.54 (Optimal instrumental variables): Suppose there
exists a unique o-field generated by row vectors W,, such that

(i) F(e,W,)=0 and E(e,,,lg,,,) # 0 for all §,0 a(W,,), h=

l,...,p,t'—l B (S

(ll) E(elzhlwlh) 1 L apst= 1’ R (Y

(lll) E(elhe‘rglwlhiwtg)=0’g¢h=13 oD T 9&’:1’ ey
n;

and suppose the conditions of Exercise 4.26 hold for instrumental
variables Z satisfying

EX )W=2,I1,,h=1, ... ,p;t=1,...,n,

where I, is an /X k matrix of full column rank containing no zero
rows, and for P =(Z'Z/n)"".

Let Z,, be any 1X Tvector of measurable functions of W,, not equal
to Z,,, and let Z be the matrix with rows Z,,, Suppose that the
conditions of Exercise 4.26 hold for Z and for B, =(Z’Z/n). Define

Br=(X'"ZLZ' 2y X)'X' (L' Z) 'Ly,
B.=XUZ 2y Xy X LZ 7y 'Ty.

Suppose zZ Z/n— E(Z Z/n) £0.

Then B} is essentially asymptotically efficient relative to B Fur-
ther, B* is asymptotically efficient relative to §,, provided that avar px
and avar f§, both converge to constant matrices.

Proof: Define
V, = var(n~'?Z’e),
V, = var(n~'2Z¢).
Given (i1) and (ii1), it follows that
V,=L,=E(Z'Z/n),
V,=1,=EZ Z/n).
To show this, we write
V,, = E(Z’ee'i/n)

n n p p ~ ~
= 3 2 X X ELienegLyy)

=1 t=1 h=1 g=1
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By the law of iterated expectations,
E(zt,hethetgzrg) = E[E(Zt,helhetgzrglwlh’ Wrg)]
= E[Z)E€n€dl Wi, W) Z,,]
by Proposition 3.65, because Z,, and Z,g are both measurable with
respect to o(W,,, W_.). Substituting (ii) and (iii) gives
E(Z;helhergztg) = 0, r#+ 7, & * h,
E(Z{,,e,,,e,,,z,,,) = E(Z:hzth ).
Hence
~ nop ~
V,=n"' 2 2 E(Z,,Z.,)
t=1 h=1
=EZ'Z/n=1,.
A similar argument with Z replacing Z yields
V,=L

n n*

Now we consider
(1 + &) avar B, — avar B*
and proceed to show that for any 4 > 0, there exists N(d) sufficiently
large that for all n = N(J), (1 + &) avar §, — avar B* is p.s.d.
First, consider
avar g = (Q;L;'Q,)",
where Q,, = E(Z’ X/n). Because E(X,|W,,) = Z,I1,, we have
E(Z3X,) = E[E(Z3X 4| W o))
= E[Z,E(X|Wi)]
= E(Z}/Z )1,
which implies that

n

E@Xm=n"3 S EZ,X,)

=1 h=1

n p
=n"' Yy > E(ZjZ,)1,

t=1 h=1

= E(Z'Z/n)11,.
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Hence,
avar g = (I E(Z' Z/n)I1,)~".
Next, consider
avar §, = (Q,L;'Q,),
where Q,, = E(Z’X/n). Now
E(Z},X ) = ELE@Z X 4|W )]
= E[Z{, E(X4|Wy)]
= E[Z,Z,]1,]
= E(Z}2,)11,,
so that
~ np o
EZXm=n"'S ¥ EZiXy)

t=1 h=1

n p -
=n"' > > E(ZyZ)1],

=1 h=1
= E(Z'Z/n)11,
so that
avar B, = (II,E(Z' Z/n)E(Z’ Z/ny" ' E(Z' Z/n)T1, ).

Applying Proposition 4.44, we have that

(1 + &) avar f, — avar g* is p.s.d.
if and only if

(avar 8¥)' — (1 +d) !(avar ﬁ,, )! is p.s.d.,
or equivalently, if and only if
(1 + &)avar g¥)~! — (avar 3,,)—‘ is p.s.d.
Note that
(1 + &)(avar B*)~! — (avar §,)™!
=1+ I, E(Z'Z/n)I1,
—TILE(Z' Z/nE(Z’' Z/ny ' E(Z’Z/n)11,.

To evaluate this expression, we apply Lemma 4.53, setting /i,,=
.72 Z/nIl, and B,= T, Z’Z/n(Z’Z/n)"'Z’Z/nI1,. Under the
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condltlons given, A — A,— 0, where 4, = II E(Z'Z/n)], and
B,— B, 0 where B,= II E(Z’Z/n)E(Z Z/n)- VE(Z Z./n)11,.
Now

A,— B, =Ny Z'Zin— T E/nZ Ziny"Z Z/n)1,
=Nz (- Z(Z ZyZ)z/m1,,

which is p.s.d. for all n. It follows from Lemma 4.53 that for any 4,
there exists N(d) such that for all n> N(J), (1 + d)4, — B, is p.s.d.
This implies that (1 + d)(avar 8¥)~! — (avar 3 )~ is p.s.d., so that by
Proposition 4.44, (1 + J)avarﬁ — avar B¥ is p.s.d. Hence, BF is
essentially asymptotically efficient relative to 5 by Definition 4.52. It
also follows from Lemma 4.53 that if avar #* and avar f, converge to
constant limits, then #¥ is asymptotically efficient relative to g,

Condition (i) states that a(W,,) is the largest information set such
that €,, has conditional mean zero. Conditions (ii) and (iii) express
precisely the assumption of the absence of heteroskedasticity or serial
correlation.

Note that from a theoretical standpoint, it is no restriction at all to
suppose that the conditional expectation has this linear form, because
the elements of Z,, can be arbltrary measurable functions of W, and
we can simply set Z, = X,, where X, = E(X,|W,) and then
II,=1. From a practical standpoint, however such instrumental
vanables may not be available because X,, may not be completely
known (i.e., II, may not be known); however, if the conditional
expectation is known up to a linear transformation, we can proceed
without losing any efficiency in estimation.

Clearly, any variable appearing in both W, and X, will appear in
Z,, so that when E(X,|W,) = X,,, we obtain the OLS estimator as
the optimal IV estimator.

The most restrictive feature of this result is that we assume the
absence of heteroskedasticity, serial correlation, or even contempo-
raneous correlation among the components of €,. We saw earlier that
if we drop this assumption, then it may or may not be possible to find a
finite set of instrumental variables that yields a fully efficient estima-
tor. This situation arises because no attempt is made to remove the
serial correlation or heteroskedasticity. However, when the form of
the serial correlation or heteroskedasticity is known, it may be possible
to remove this “nonsphericality” using an appropriate linear transfor-
mation of the model, and thereby attain efficiency in a manner
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analogous to the way that GLS improves on the efficiency of the OLS
estimator when heteroskedasticity or serial correlation are present.

It requires some care to show that improvements analogous to GLS
over OLS exist in the IV framework. The approach that we shall take
is to view a model with nonspherical errors (e.g., heteroskedasticity or
serial correlation) as arising from a specific nonsingular linear trans-
formation of an underlying spherical model, specifically a model
satisfying the conditions of Theorem 4.54, and (i)-(iii) in particular.
Thus, we consider models of the form

y=XB,+¢€

where § = C,y, X= C.X, €= C,€, and C, is a known nonsingular
np X np matrix that induces heteroskedasticity or serial correlation
in €

To guarantee that a useful IV estimator exists for the nonspherical
model just introduced, it will suffice to impose certain restrictions on
C, In particular, we shgll seek to ensure that instrumental variable
candidates W,, exist for X,,.

To see what restrictions on C, will suffice for this, we consider a
sequence of examples. First, suppose p=1 (a single equation
model). Let C, have typical elements ¢,,, and suppose that heteroske-
dasticity is induced by ¢, # ¢, forsome t# t=1, ..., n Set
¢,=0ift # 1. Thene,=c, € and

E(€|W,) = E(c,€,|W,).

If ¢, is measurable with respect to a(W,) (i.e., if ¢,, is a function only of
W,), then

E(€)W,) = ¢, E(€|W,) =0,

so that functions of W, are also available for constructing instrumental
variables for X,. Ifc, were not measurable with respect to a(W,), then
no instrumental variables need exist and indeed it can happen that

E(€) # 0.
Next, suppose that we have a system of equations (p > 1) with
contemporaneous correlation inducedbye, * 1,,1=1, . . . ,n,and

¢, =0, t #+ 1, where ¢, is now a p X p matrix with elements c,,, &,
h=1,...,p. Then

~ p
€r= 2 cnhgelg'
g=I1
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Now let W,, be an arbitrary vector. Then

~ o~ P ~
E(G,;,lW,;,) = 2 E(ctlhgelglwlh)-

g=1
If c,,,,g is measurable with respect to o( W,,) and if E(e,g|W,,,) 0 for
=1,...,p,then E(e,,,lW,,,) = (. Otherwise, it may or may not

be true that E(e,,,lW,,,) =0. For example, if ¢, is a nonstochastic
constant, it will be measurable with respect to any information set.
Also, if W « consists of only those elements that are common to W,
g=1,...,p, then E(ehg,,lw,;.) 0. The formal way of express-
ing the requirement that W,, consists of only those elements that are
common to W,, is to write

a(W,) = A\ a(W,,).

g=1
This denotes the intersection of the o-fields a(W,.), g=1, . . . , p,
which is the maximal o-field contained in all of them.
Note that if 6(W,,) is not a subfield of each 6(W,,), g =1, . . . ,p,

then it can happen that E(e,,,lW,,,) # 0, which implies that the instru-
mental variables for the transformed model cannot necessarily be
constructed from the same conditioning variables as in the underlying
model.

Now consider a general situation in which there is serial correlation
as well as contemporaneous correlation and possibly heteroskedasti-
city, so that ¢, # I,and ¢,, # 0. Then

n
€= C.€,
=1

In particular, a typical element of e~, has the form

~ " 2
€r= 2 2 cnhgetg'

=1 g=1

Again, let W, be an arbitrary vector. Then

~ o~ nZ ~
E(€nWy)= 2 2 E(Cong€gl Win)-

=1 g=I

ForE (e~,,,|V~V,,,) = 0, it suffices that ¢ .., is measurable with respect to
o(W,), and that E(e,|W,)=0. For this it suffices that W, is
measurable with respecttoa(W,,), =1, . . . ,n,g=1, . . . ,p;for
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example, let a(W,,) = AZ_, Ne_, a(W,). Now W,, contains only
variables for which €,, has conditional mean zero for all values of g and
7 for example, variables jointly strictly exogenous with respect to €,,.
In each case above, it was possible to find conditioning variables for
the transformed model useful in constructing instrumental variables
for the transformed model, provided that the elements of C, were
appropriately measurable and that the conditioning variables consid-
ered did not contain information on the location of the underlying
errors involved in the transformation. Although we indicated how
failure of these conditions can lead to the failure of appropriate
instrumental variables to exist, the conditions discussed do not ap-
pear to_ bg necessary, because appropriate cancellations may
yield E(€,|W,) = 0, even though E(e,gIW,,,) # Oforalltandg. In
fact, it can still be true that Z'€/n—>>0, where the elements of Z,, are
measurable functions of W,, even when E(€,,|W,,) # 0 forall z and .
In the cases discussed above, it was assumed only that C, was
nonsingular. We do not require C, to be lower triangular, although
this is certainly possible. For any lower triangular C,, an upper
triangular C, can lead to an identical (2, matrix, as well as matrices
that are neither upper nor lower triangular. In the case of the general
classical linear model, it makes no difference how €, is “factored.”
Here, however, it does matter, because the way in which €, is factored
may affect the determination of what instrumental varlable candidates
are available for the nonspherical model, that is, what W,,, consists of.
This is a consequence of the general condition that we adopt to
ensure the efficiency of the IV analogue of the GLS estimator, namely
that each row of C, has elements that are measurable with respect to
a(W,,,) where
(W) = N\ (Wl h=1,....pt=1,...,n
(1sSTSn,1Sg=plCirpe 0}
This is the natural generalization of the condition imposed in each of
the special cases considered above.

EXERCISE 4.55: Verify that if the rows of C, satisfy the condition
just given, then

E€ W, )=0,h=1,....p;t=1,...,n

Further, if instrumental variables Z,,, are chosen as measurable func-
tions of W,,, show that

E(Z'e€ Z/n)= E(Z'Q,Z/n),
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where Q,= C,C,. Hint: Use the law of iterated expectations to
write

E(Zy€p€sLeg) = EIEZ€s€ Loy Wiy, W)
Let wnhg = E(gthgtglwlh» Wrg), Wy = [wtrhg] and Qn = [wn]'

The conditions imposed on W,, above imply that W/, contains less
information than W,,, so that less information is available for con-
structing the instrumental variables for the nonspherical model, gener-
ally speaking. For this reason, the optimal instrumental variables for
the underlying model cannot generally be obtained by applying the
transformation C;' to Z. Nor is it generally true that transformation
of optimal instrumental variables Z for the underlying model by C,
yields instrumental variables for the nonspherical model that satisfy
the conditions of Exercise 4.26.

Also, note that if C, is upper triangular, a different set of instrumen-
tal variable candidates may be available than if C, is lower triangular,
as alluded to previously. This reveals the importance of a careful
specification of the way in which a given conditional covariance
matrix €, arises.

The second part of Exercise 4.55 makes clear the way in which C,
induces a particular form of heteroskedasticity or serial correlation,
and the condition above specifies precisely what kinds of nonspherical-
ity can be induced. In particular, any nonstochastic choice for C, is
always available, because the rows of a nonstochastic matrix will be
measurable with respect to any o-field. This allows the case of con-
temporaneous covariance, for which

.= if t=1
=0 otherwise,

for some fixed matrix 2. It also allows the case of serial correlation, for
which

O =Ry_y#0 for somet # 1.

Note that here w,, depends only on |t — t|and not on ¢ or 7 alone.

More general situations are also admitted, because the elements of a
given row of C, can be stochastic. For example, let p = 1. Hetero-
skedasticity is allowed in which

@, =f(W)
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for some function f. In particular, if W, contains y,_, and X,_,, then
the ARCH model of Engle [1982] is allowed. For the simplest form of
this model,

w, = E(ezz | W:)

= €t2-—lpo = (yt—l - Xt—lﬂo)zpo‘

If a GLS-like result is available for IV estimators, then we should
expect to be able to show that the optimal IV estimator as given in
Theorem 4.54 is asymptotically efficient with respect to the optimal IV
estimator for any nonspherical model satisfying the condition just
discussed and the conditions of Exercise 4.26, say,

B.=X'ZV; 2 X X'ZV;'Zy,
where V,, = E(Z’¢e€’ Z/n)z and Z has rows Z,,, with elements that are
measurable functions of W,,. Because we have not characterized the
optimal instrumental variables for this case, it will suffice to show

efficiency of B} relative to 3,, for any appropriate choice Z.
It follows from Theorem 4.26 that

avar g7 = (Q,L;'Q,)™
and

avar B, =(Q;¥;'Q,)",
where Q, = E(Z'X/n). Consistent estimators for avar g7 and avar B,
are (X' Z(Z' 22’ X/n)' and (X' Z(Z'Q,Z)'Z’ X /n)™!, and we in-
vestigate asymptotic efficiency by considering a consistent estimate of
the difference (avar 8*)~! — (avar §,)"!, that is,

X' Z(Z' 22X - X' Z(Z'Q,Z)'Z X)/n.

Dropping the division by » and substituting X = C,XandQ,=C,C,,
we have

X'Z(Z'Z)'Z'X — X' CZ(Z'C,C.Z)"'Z'C,X.
Define Z* = C’Z and substitute in the above to obtain
XZ(ZZY'ZX—X'Z¥Z¥ 2% 'Z¥' X.
This expression is a difference between two positive semidefinite
matrices, and without further information it is not possible to deter-

mine whether this difference is positive semidefinite, which would
imply the result we seek.
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However, further information is potentially available. Suppose Z*
could be adjoined to the matrix of instrumental variables Z without
violating the conditions of Theorem 4.54. Because Z is optimal, Z* is
redundant and it can be shown that

E(Z%X/n) = E(Z*' Z/n)E(Z’ Z/n)"'E(Z’X/n),

provided that E(Z*'ee’ Z/n) = E(Z*'Z/n). This fact follows either
from Proposition 4.50 or the linear dependence of Z* on Z. Replac-
ing expected values by consistent estimators and dropping a division
by » yields

¥ X=Z¥ (7' 27’ X.

Substituting this into the apparently indeterminate expression above
yields

X' ULZ'ZY'Z X~ X UL L)L IHLY TV 'ZV L Z) "2’ X
= X' Z(Z'ZY'Z(1 — ZMZ¥ Z*) ' Z¥)L(Z' L) T’ X,

which is readily seen to be positive semidefinite. Once certain tech-
nicalities have been disposed of, this will be sufficient to prove
the superiority of 8* over §,.

The success of this approach now depends on whether Z* = C,Z
can indeed be harmlessly adjoined to Z. In other words, can the
matrix Z = (Z, Z*) be treated as a legitimate set of instrumental
variables? For this, it will suffice that Z% has elements measurable
with respect to o(W,,). Because this is straightforward, we leave it as
an exercise.

EXERCISE 4.56: Show that Z}, has elements measurable with re-
spect 10 o(W,,), when the elements of Z,, are measurable with respect
to o(W,,) and each row of C, has elements c,,, measurable with
respect to
o(W,,) = YA G(Woh h=1,....pit=1,....n.

(I1=Ts£ 1<g=n: ¢/ ™0)
Hint: atypical row Z}, can be written

n p ~
Z;.;l = 2 2 cttthtg'

Tm=] g=]

Also let
glh = \/ U( th)

(1s7=n,1SgSp: Coey0)

denote the minimal o-field containing all of the indicated a(W,g).
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This result implies that any elements of Z* can indeed be harmlessly
adjointed to Z, ensuring the validity of the argument sketched above.
Now we can formally state and prove the efficiency result for the IV
analogue of GLS.

THEOREM 4.57 (Generalized instrumental variables). Suppose
there exists a unique o-field generated by row vectors W, such that

() E(€yW,;)=0 and E(€,|9,) = O for all §,,D a(W,,), h=

I, ...,p ¢t l,...,n,

(11) E(etzhlwlh) = 1’ ¢ b ’p’t= 1’ L 9n;

(1i1) E(e,,,e,gIW,,,,W,g)=O,h Fg=1,...,pt*1=1,...,
n;

and suppose that the conditions of Exercise 4.26 hold for instrumental
variables Z satisfying

E(thlwth)=Ztho’ h=1 PN /8 t=l [P (B

where I1, is an /X k matrix of full column rank containing no zero
TOwS, and for P =(Z'Z/n).
Suppose the conditions of Exercise 4.26 hold for the model

y=Xp,+e€
where §= C,y, X= C,X, €= C,e and C, is a given nonsingular
np X np matrix with rows containing elements c,,,, measurable with
respect to

0( W!h) = /\ U( th)’

(1=T<£1SgSp: ¢yrpg™0)
for instrumental variables : Z chosen as measurable functions of W,
and for P,=V;1 = E(Z’ee’Z/n)‘ where Z has rows Z,,,
Define Z* = C’Z let z*= Z* — ZE(Z'Z/n)'E(Z’' Z*/n), let Z
contain the nonzero columns of z*, and suppose that the conditions of
Exercise 4.26 hold for instrumental variables Z = (Z, z). Define

Br=X'Z(Z'Zy'T X)X Z(Z'Zy "2’y and
B, — (RZV;Z X IV L.
Then B%* is essentially asymptotically efficient relative to §, for
any choice C,. Further, 87 is asymptotically efficient relative to

B, provided that avar 8% and avar B, both converge to constant matri-
ces.

Proof: We wish to show that for any é > 0 there exists n sufficiently
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large such that (1 + &) avar f§, — avar 8* is p.s.d. Given the condi-
tions of the theorem, we have

avar f, = @, V;'Q,)"
avar B} = (Q;L;'Q,),

where Q, = E(Z'X/n), Q,= E(Z’X/n) and L,= E(Z’Z/n). By
Exercise 4.55 we can write

avar B, = (EX'Z/m)E(Z'Q,Z/n) E(Z' X/n)]
=(EX'Z/nEZ ' C,C.Z/ny ' E(Z' X /n)]™
= [E(X’'C.Z/n)E(Z'C,C.Z/n)'E(Z'C,X/n)]™
Because Z* = C;,Z, we have
avar ﬁ,, = [E(X"Z*/n)E(Z*' Z*/n)y ' E(Z*' X/n)]"\.
We can also express this as
avar 3,, = [E(X'Z/nE(Z'Z/ny\E(Z' Z*/n)E(Z*' Z*/n)™!
X E(Z* Z/n)E(Z'Z/n)'E(Z' Z/n)]™!
by making use of the fact that
E(Z¥ Z/n)E(Z’ Z/n)"'E(Z’X/n) = E(Z* X/n).
To verify this equality, we note that Proposition 4.50 implies
E@ Z/n)E(Z'Z/n)'E(Z'X/n) — E(z’X/n)=0,

because Z is the efficient set of instrumental variables by Theorem
4.53. Because z* = (Z, 0), we can also write

E@z* Z/n)E(Z'Z/n)'E(Z’'X/n) — E(z*'X/n)=0.

By definition, z* = Z* — ZFE(Z'Z/n)\E(Z’' Z*/n). Substituting this
expression for z* gives

E(ZY Z/m)E(Z' Z/ny 'E(Z'X/n) — E(Z*' X /n)
— E(Z*¥' Z/n)E(Z'Z/n)"'E(Z'Z/n)E(Z'Z/n)'E(Z’' X/n)
+ E(Z¥ Z/n)E(Z’ Z/n)"'E(Z' X /n) = 0.
The last two terms above cancel, which leaves the desired result,
E(Z*'X/n)= E(Z* Z/n)E(Z’ Z/n)'E(Z' X /n).
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Substituting for Q, and L, gives
avar % = [E(X'Z/n)E(Z’ Z/n)'E(Z’X/n)]".

To show that (1 + J)avar ﬁ,, — avar 8% is p.s.d., we apply Proposition
4.44 and Lemma 4.53 and consider the difference between consistent
estimators of (avar #*)~! and (avar §,)!,

n'X Z(Z ZY 2 X — n' X (2 Z)
X Z'ZHZ¥ I*V IV UL Z) 2 X
= nTX (L Z) (1 — ZNZM 2T VUL )L X

This is a quadratic form in an idempotent matrix, and is therefore
positive semidefinite. It follows from Lemma 4.52 that (1 + )
(avar B*)~! — (avar B,)! is p.s.d. for all n sufficiently large. It then
follows from Proposition 4.44 that (1 + J) avar ﬁ,, —avar B¥ is p.s.d.
for all n sufficiently large, and the proof is complete.

This result guarantees that no transformation of the model satisfy-
ing the conditions of the theorem and inducing heteroskedasticity or
serial correlation can yield an estimator more efficient than 8%, the
two-stage least squares estimator for the spherical model with optimal
instrumental variables. Equivalently, removing the heteroskedasti-
city or serial correlation induced by an appropriate transformation
cannot worsen and will generally improve the efficiency of the estima-
tor, provided optimal instrumental variables are chosen once the
nonsphericality has been removed.

In other words, starting from a model with nonsphericality induced
by a specific transformation C,, efficiency can be obtained by trans-
forming the model

y=XB,+¢€
by premultiplying by C;! to give
C;'y = C;'XB, + Cle,
or
y=XB, +e

This step is precisely analogous to the GLS transformation. Then,
using the optimal instrumental variables for the spherical model,
obtain the efficient (2SLS) estimator:
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Br=(X'"Z(Z' Ly L' XY ' X' Z(Z' 2Ly
=X'C;'Z(Z2' 2y 2 C; Xy X CV (2 2 2/ CL Y.

Note that the optimal instrumental variables are not generally
obtained by a transformation of instrumental variables available for
the nonspherical model. However, there are at least two important
special cases where it is possible to choose 7= C,Z without possibly
violating Z’€/n—=- 0. These are the cases of pure heteroskedasticity
or contemporaneous correlation in a nonrecursive system. If the
choice Z = C,Z is available, then one can substitute Z = C;;'Z in the
expression above. Further substitution of Q' for C;"'C;! gives
pr=XQ L2 Q22 QX XQ U7 Q2,2 Q.
As special cases this contains the SURE estimator of Zellner [1962]
and the 3SLS estimator of Zellner and Theil [1962] for Q, known.

In fact, it is always possible to represent 7 in this form by appropri-
ately defining Z. However, when this is done, Z may not be a
legitimate choice of instrumental variables for the nonspherical
model.

Although we have gained considerable insight by supposing that
nonsphericality is induced by a particular transformation of a spheri-
cal model, this is not necessarily the way in which models present
themselves. Often, economic theory will specify the instrumental
variable candidates W, for the nonspherical model, which then im-
plies a particular form for £, when we condition on o(W,,, W_,).
Because there is generally no unique transformation B, such that
B,Q,B, =1, one may not know C,. The choice of B, then depends
on convenience or plausibility. The question that now arises is
whether it matters that C, is unknown or whether it suffices simply to
know (or be able to estimate) Q,. The next theorem provides general
conditions under which no efficiency is lost by using B, = C;.

THEOREM 4.58: Suppose the conditions of Theorem 4.57 are satis-
fied. For any nonsingular matrix B, such that B,Q,B/, = I, where
C,C,.=Q,, define

y=B,y, X=BX and €=B,e

Let W, be a row vector such that E(€,,|W,,) =0, and E(€,,|9,,) # 0
forany 9, D a(W,,), and suppose that the conditions of Exercise 4.26
hold for the model ¥ = X8, + €, for instrumental variables Z satisfying

EXW,,) =Z,I1,, h=1,...,pt=1,... , n,
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where I1, is an / X k matrix of full column rank containing no zero
rows, and for P, = (Z'Z/n)"!. Define
B, = (X B Zy 3 XK L2 DL,

Then D;2Vn(B,— B,) % N, T), where D, = (Q;£7'Q,)7", Q, =
E(Z’X/n),and L, = E(Z’Z/n).

Now define A, = B,C, with ¢1th block a,,, each with elements
2,4, Suppose that

oWa)=  /\ o(W,y)

(Ist=nlsgsp ame*0,as)
h=1,...,pt=1,...,n,

and that a,,, is measurable with respect to o(W,,). Suppose that A;!
has ttth block a'*, each with elements a™™¢. If

6( Wlh ) = /\ U( Wrg)’

(I=tsnl<sgsp,arthes(,as.}
h=1,...,pt=1,...,n,

and if a"™# is measurable with respect to o(W,,), then avar §, —
avar g* — 0.

Proof: See White [1983, Theorem 3.7].

The simplest situation in which to verify the conditions of this
theorem is when one has only contemporaneous correlation or heter-
oskedasticity and the instrumental variable candidates are identical for
all equations of the system. In time-series contexts, the measurability
requirements on a,,, and a*# will be satisfied if A, has elements that
are functions only of instrumental variables strictly exogeneous with
respect to €, (e.g., if A, is a matrix of constants). Note also that the
requirements on o(W,,) and a(W,,) imply a(W,,) = a(W,,).

Just as in the classical development of the GLS estimator, we have
assumed that Q, or C, is known. This is too unrealistic. If Q, is
completely unknown, then the estimator of Proposition 4.45 is still
available. Often it is assumed that ,, is known up to a finite number
of parameters. These are estimated (e.g., in a first-stage using OLS or
2SLS residuals) and used to form an estimate £2,,, which replaces Q,, in
computations. The consequences of doing this are considered in
Chapter VII. There we see that for several important special cases,
replacing Q, by , has no effect on the asymptotic properties of the
estimators.

So far, we have seen that additional instrumental variables can
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increase asymptotic efficiency and that appropriate transformations of
a nonspherical model can also improve efficiency. Another way of
increasing the efficiency of our estimators is through the imposition of
prior knowledge embodied in linear or nonlinear constraints on the
parameters. Because the case of linear restrictions is a special case of
nonlinear restrictions, we formally consider only the latter, and leave
derivation of the results for linear restrictions as an exercise.

Given constraints s(8,) = 0, where s: R — R is a known contin-
uously differentiable function, such that rank Vs(8,) =g and
Vs(B,) <, the constrained instrumental variables estimator can be
found as the solution to the problem

min (y—XBYZP,Z'(y—Xp) st s(B)=0,

which is equivalent to finding the saddle point of the Lagrangean
L =(y—XBYZP,Z'(y— XB) + s(B)'A.
The first-order conditions are
oL
P
a,z:

=2X'ZP,Z'X)B— 2X'ZP,Z'y + Vs(B)'A=0

=s(f)=

Settmg ﬁ (X’ ZP Z'X)"'X'ZP .Z’y and taking a mean value ex-
pansion of s(#) around s( ﬁ ) yields the equations

d.L A

3 = XX ZRZXNB- B.) + vs(B)A=0,

——s(ﬁ)+Vs(ﬂ B =

where V5§ is the g X k Jacobian matrix with /™" row evaluated at a
mean value B®. To solve for A in the first equation premuitiply by
vS(X’ZP,Z'X)™" to get

2Vs(B—B,) + VS(X"ZP,Z' X)"'Vs(B)’A=0,
substitute —s(f,) = Vs(8 — B,), and invert V§(X’ ZP,Z’ X)'Vs(B) to
obtain

A=2[Vs(X’'ZP,Z' X)'vs(8)]"'s(B,).
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The expression for d.L/3f above yields
—(X’'ZP,Z’ X)"'Vs(B)’A
ﬂ - ﬁn = 2 ’
so we obtain the solution for # by substituting for A:
B=B,— (X'ZP,Z'X)"'Vs(B) [V5(X' ZP,Z'X)'Vs(B)'s(B,).

The difficulty with this solution is that it is not in closed form, because
the unknown B appears on both sides of the equation. Further,
appearing in this expression is V§, which has rows each of which
depend on a mean value lying between # and §,.

Nevertheless, a computationally practical and asymptotically
equivalent result can be obtained by replacing V5 and Vs(8) by Vs( ﬂ,,)
on the right-hand side of the expression above, which yields

Bt =B, — (X'Z2P, 2’ Xy"'vs(,)'[Vs(B,)
X (X' ZP,2' X)'Vs(B,)'1's(B,).

This gives us a convenient way of computing a constrained IV estima-
tor. First we compute the unconstrained estimator, and then we
“impose” the constraints by subtracting a “correction factor”

(X' ZP,Z'X)"'vs(B,) [Vs(B,)( X' ZPB,Z' X)"'Vs(8,)'1's(B,)

from the unconstrained estimator. We say “impose” because 87 will
not satisfy the constraints exactly for any finite n. However, an
estimator which does satisfy the constraints to any desired degree of
accuracy can be obtained by iterating the procedure just described,
that is, by replacing §, by B¥ in the formula above to get a second
round estimator, say, f**. This process could continue until the
change in the resulting estimator was sufficiently small. Nevertheless,
this iteration process does not improve the asymptotic efficiency
beyond that of g¥.

EXERCISE 4.59: Define
Bx* = Bx — (X'ZP,Z' X)7'Vs(B%) [Vs(B})
X (X’'ZP,Z'X)'Vs(B}) 17's(B%).
Show that under the conditions of Exercise 4.26 and the conditions on
s that Vn(B**— B*) 2.0, so that Vn(B*—B,) has the same

asymptotic distribution as Vn(8** —B,). (Hint: Show that
Yns(B3) > 0.
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In establishing the asymptotic efficiency result, we only consider the
improvement that can be achieved over the best IV estimator for given
instrumentgl variables that does not embody the constraints, that is,
B.=(X'ZV;'Z’ X)X’ ZV;'Zy.

R THEOREM 4.60: Suppose t} e conditions of Exercise 4.26 hold for
P, = V;!and thats: R* — R?1s a continuously differentiable function
such that s(B,) =0, Vs(B,) <= and rank Vs(B,) =gq. Define ﬁ =
(X'ZV;'Z’ X)X’ ZV;'Z’y and define B¥ as above with P A’
Then

avar ﬁ,, — avar g*

= avar B,Vs(B,)'[Vs(B,) avar B,Vs(B.)'17'Vs(B,) avar §,,
which is a positive semidefinite matrix.

Proof: From Exercise 4.26 it follows that
avar f, = (Q,V;'Q,)™.

Taking a mean value expansion of s(ﬂ ) around B, gives s(ﬁ )=
s(B,) + V§(B,—B.), and because s(B,)=0, we have s(Bﬂ
Vs(B,— B,).- Substituting this in the formula for 8 allows us to write

Vn(Bx — B) = A, Vn(B, — B.),

where
A, =1-(X"ZV;'2'X)'vs(8,) [Vs(B,)
(X'ZV;'Z X)) 'vs( B, )]“Vs

Under the conditions of Exermse 4.26, B, > B, and Proposition 2.30
applies to ensure that A —A, £ 0, where

A, =1—avar B,9s(B,) [Vs(B,) avar B,Vs(8,) 17 Vs(B,).

Hence, by Lemma 4.6,
n(B% = B,) — An(B, — B.)
=&, —A)n(B,— )0,
because Va(B, — B.)is O ,(1) as a consequence of Exercise 4.26. From
the Asymptotic equlvalence lemma 4.7 it follows that Vn(8* — 8,) has

the same asymptotic distribution as A Vn(f, — —B,). If follows from
Corollary 4.24 that I';'2A Vn(g, —ﬂo) (hence T';V2/n(B* — B.)) is
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asymptotically N(0, I), so that
avar f*=1,=A, avar ﬁ,,A;,.
Straightforward algebra yields
avar B* = avar §, — avar §,vs(B,)’
X [Vs(B,) avar B,s(B,)'17'Vs(B,) avar B,
and the result follows immediately.

This result guarantees that imposing correct a priori restrictions
leads to an efficiency improvement over the efficient IV estimator that
does not impose these restrictions. Interestingly, imposing the restric-
tions using the formula for B* with an inefficient estimator §, for given
instrumental variables may or may not lead to efficiency gains relative
toB,.

The result of Theorem 4.60 does not allow us to compare the
efficiency of estimators obtained from different transformations of the
underlying model y= XpB,+ €. Nevertheless, it is reasonable to
expect that when the restrictions are imposed on a relatively efficient
estimator, the resulting estimator is more efficient than the estimator
obtained by imposing the constraints on a relatively inefficient estima-
tor (although one efficient within its class). The next result formalizes
this notion, which is helpful in guaranteeing the efficiency of some
estimators considered in Chapter VIIL.

THEOREM 4.61: Consider the models
y=XB,te
y=Xp,+¢

and associated instrumental variables Z and Z, and suppose that the

conditions of Exercise 4.26 hold for both. Define the unconstrained
estimators

B.=XZV 2 XX ZV;' 7y,
B =(X"2ZV;'Z'X)"'X'ZV;'Zy,
and suppose that g* is asymptotically efficient relative to B, so that

avar f, — avar B* is positive semidefinite for all » sufficiently large.
Define the constrained estimators
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B.=B,— (X'ZV;'Z'X)'vs(B,)’
- [Vs(BXX'ZV; 2 X)vs(B, ) 17's(B,)
and
B.=BX — (X'ZV;'Z' Xy 'Vs(B%) [Vs(BE )X ZV;'Z' X)™!
- Vs(BX)'17's(BY).

Then avar B, — avar f, is positive semidefinite for all n sufficiently
large.

Proof: Following the proof of Theorem 4.60, we have
avar f, = avar g* — avar 8*Vs(8,) [Vs(8,)
- avar B2Vs(B,)'171Vs(B,) avar B3
avar §,= A, (avar §,)A’,
where
A, =1-(Q.V7'Q)'Vs(B,) [Vs(B)(Q:V;'Q,) ' Vs(B,) 7' Vs(B,).
Hence,
avar f§, — avar §,
= A, avar §, A}, — avar g*
+ avar B3Vs(B,) [Vs(B,) avar B2Vs(B,)]~'Vs(B,) avar B2
= A, (avar §,)A; — A, (avar B)A;
+ A, (avar ¥)A, — avar 8
+ avar B3Vs(B,)'[Vs(B,) avar B Vs(B,)']17'Vs(B,) avar B3
The first term is positive semidefinite for all # sufficiently large because
A, (avar §)A, — A, (avar B*)A, = A, (avar B, — avar B*)A’,

and avar B, — avar B* is positive semidefinite for all n sufficiently large
by assumption. The result then follows, provided that

A, (avar B¥)A, —avar B}
+ avar B3Vs(B,)'[Vs(B,) avar B;Vs(B,)']7'Vs(B,) avar B

is positive semidefinite for all » sufficiently large.
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Let
B, = (Q,V:'Q.)7'Vs(8,) [Vs(B,)XQ:V7'Q,)vs(8,)17,
so that
A,=1—B,Vs(8,).
Then, by definition of A,
A, (avar B*)A, — avar g}
= —B,Vs(B,) avar B} — avar 8¥Vs(B,)’'B,,
+ B,Vs(B,) avar B7Vs(B,)'B;,
so that
A, (avar ¥)A, — avar ¥
+ avar B¥Vs(8,)’
* [Vs(B,) avar B3 Vs(B,)'17'Vs(B,) avar B}
= B,[Vs(B,) avar B7Vs(B,)']B;,
— B,Vs(B,) avar B — avar B7Vs(B,)' B,
+ avar B¥Vs(8,)’
- [Vs(B,) avar B7Vs(B,)'17'Vs(B,) avar B

Now let
CY? = [Vs(B,) avar B*Vs(B,)']'2,

D, = Vs(f,) avar S*.
Then
A, (avar B¥)A, — avar ¥
+ avar B3 Vs(B,)'[Vs(B,) avar B7Vs(B,)']17'Vs(B,) avar B3
= B,CY*CY?B; — B,D, — DB, + D,C;'2C;'/’D,
= B,CY*C)?B, — B,C\?C,*D, — D,C;'?C\/?B,,
+ D,C;'2C,'?D,
= (B,C,? — D;C;'?)(B,C)? — D;C;'?),
which is positive semidefinite for all », and the result follows.
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CHAPTER V

Central Limit Theory

In this chapter we study different versions of the central limit
theorem that provide conditions guaranteeing the asymptotic normal-
ity of n~12X’e or n~'?Z’e required for the results of the previous
chapter. As with laws of large numbers, different conditions will
apply to different kinds of economic data. Central limit results are
generally available for each of the situations considered in Chapter 111,
and we shall pay particular attention to the parallels involved.

The central limit theorems we consider are all of the following form.

ProPosITION 5.0: Given restrictions on the dependence, heteroge-
neity, and monlents of a scalar sequence (Z,}, (Z, — ﬂn)/(éﬂ/x/ﬁ) =
V(Z, — i,)/6, ~ N, 1), where g, = E(Z,) and 63/n = var Z,,.

In other words, under general conditions the sample average of a
sequence has a limiting unit normal distribution when appropriately
standardized. The results that follow specify precisely the restrictions
that are sufficient to imply asymptotic normality. As with the laws of
large numbers, there are natural trade-offs among these restrictions.
Typically, greater dependence or heterogeneity is allowed at the ex-
pense of imposing more stringent moment requirements.

Although the results of the preceding chapter imposed the asymp-
totic normality requirement on the joint distribution of vectors such as
n~'2X’e or n~'2Z¢, it is actually only necessary to study central limit
theory for sequences of scalars. This simplicity is a consequence of
the following result.

107
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ProPOSITION 5.1 (Cramér- Wold device): Let (b,} be a sequence
of random k X 1 vectors and suppose that for any real k X 1 vector A
such that A= 1, A’b, ~ A’Z, where Z is a k X 1 vector with joint
distribution function F(z). Then the limiting distribution function of
b, exists and equals F{(z).

Proof: See Rao [1973, p. 123].
We shall apply this result by showing that under general conditions,

V2 AV, X, Arz or  m 2y MV, Az,
=] =1
where Z ~ N(0, I), which, by Propositions 5.1, allows us to obtain the
desired conclusion, i.e.,
Vo12m12X%e A N(O,T)  or  Vi2ni2Z7e A MO, ).

When used in this context below, the vector A will always be under-
stood to have unit norm, i.e., A’A=1.

V.1 Independent Identically Distributed
Observations

As with laws of large numbers, the case of independent identically
distributed observations is the simplest.

THEOREM 5.2 (Lindeberg- Levy): Let{Z,} be a sequence of i.i.d.
random scalars. If var Z,= g2 <, g% # 0, then

VH(Z 1)/ G, = NW(Z, — o =2 S (Z,— wjo ™ MO, 1.
=1

Proof: Let f(A) be the characteristic function of Z, — u and let f,(2)
be the characteristic function of Vn(Z,— f,)/6,=n"'? 3n,
(Z,— p)/o. From Propositions 4.13 and 4.14 we have

J2) = f/(aVnyr
or

log f,(4) = n log f(A/(aVn)).

Taking a Taylor expansion of f(A) around A= 0 gives f()= 1 —
02A%/2 + o(A?), since 02 < o« by Proposition 4.15. Hence
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log f,(A) = nlog[l — 22/2n + o(A¥/n)] — —A*/2 as n—

Hence f,(A) — exp(— 4%/2). Since this is continuous at zero, it follows
from the continuity theorem 4.17, the uniqueness theorem 4.11 and
Exercise 4.10(i) that vn(Z,, — 4,)/8, ~ N(0, 1).

Compared with the law of large numbers for i.i.d. observations, we
impose a single additional requirement, i.e., that var Z,= g2 < o,
Note that this implies E|Z,| < ». (Why?) Also note that without loss
of generality, we can set E(Z,) = 0.

We can apply Theorem 5.2 to give conditions which ensure that the
conditions of Theorem 4.25 and Exercise 4.26 are satisfied.

THEOREM 5.3: Given

(i) y=XB+e€
(1) {(X,, €)'} is an 1.i.d. sequence;
(i) (a) E(X(e)=0;

(b) E|X,,,,~€,,,|2<°°,h=l, SR ,p,i=l, - ,k',
(¢) V,=var(n~'2X’€) =V is positive definite;
(v) @) EXuP<oh=1,...,pi=1,...,k

(b) M = E(X;X)) is positive definite.

Then D~'2Vn(B, — B,) * N(0, 1), where D =M~'VM~!. Supposein
addition that

(v) there ex1sts V symmetric and positive semidefinite such that
V -v>0.

Then D, — D = 0, where D, = (X’ X/n)~ 'V (X’ X/n)~".

Proof: We verify the conditions of Theorem 4.25. We apply
Theorem 5.2 and set Z, = A’ V~1/2X/e,. The summands A’ V~/2Xe,
are i.i.d. given (ii), w1th E(Z)=0 given (iiia), and var Z,= 1 glven
(iiib) and (iiic). Hence n~'2 3r., Z,= n V2 30, A’V"/ZX’G ~
N(0, 1) by the Lindeberg - Levy theorem 5.2, It follows from Proposi-
tion 5.1 that V=125~ 12X’ & N(0, ), where V is O(1) given (iiib) and
positive definite given (iiic). It follows from Komolgorov’s strong law
of large numbers, Theorem 3.1, and from Theorem 2.4, that X’ X/n —
M0 given (ii) and (iv). Smce the rest of the conditions of Theorem
4.25 are satisfied by assumption, the result follows.

In many cases V may simplify. For example, it may be known
that E(e?|X,)=0a2% (p=1). Ifso, V=E(X/e,€;X,) = E(€X;X,))=
E(E€X;X,|X)E(E€X)X;X,)=02E(X,X,)=02M. The obvi-
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ous estimator for V is then V,, = §2(X’ X/n), where 62 is consistent for
2. A similar result holds for systems of equations in which it is
known that E(€,€;|X,) = I (after suitable transformation of an under-
lying model). Then V = M and a consistent estimator is V =(X'X/
n). Consistency results for more general cases are studied in the next
chapter.

In comparison with the consistency result for the OLS estimator, we
have obtained the asymptotic normality result by imposing the addi-
tional second moment conditions of (iiib) and (iiic). Otherwise, the
conditions are identical. A similar result holds for the IV estimator.

EXERCISE 5.4: Prove the following result. Given

(i) y=XB,+¢€
(i) {((Z,,X,,€))is an i.i.d. sequence;
(iii) (a) E(Z)e)=0

(b) E|Zy€s?<o h=1,...,pi=1,...,1
(¢) V,=var(n?Z’€) =V is positive definite;
(v) @) ElZuXyl<o, h=1,...,pi=1,... Landj=
L, ...,k;

(b) Q= E(Z X,) has full column rank;
(c) P P finite and positive definite.

Then D~"2Vn (B, — B,) ~ N(0, I), where
D =(Q'PQ)"'Q’PYPQ(Q'PQ)™".
Suppose further that

(v) there ex1sts V symmetric and positive semidefinite such that
V,—vo.

Then D, — D = 0, where
D, = (X'ZP,Z'X/m®)" (X' Z/n)®,V ,P(Z' X/n)(X' ZP, Z'X/n?)".

ExERCISE 5.5: If p=1 and E(€?|Z,) = 02, what is the efficient IV
estimator? What is the natural estimator for V? What additional
conditions ensure that P, — P £0andV,— V507

These results apply to observations from a random sample. How-
ever, they do not apply to situations such as the standard regression
model with fixed regressors, or to stratified cross sections, because in
these situations the elements of the sum n~'2 27_, X/e, are no longer
identically distributed. For example, with X, fixed and E(e?) = a2,
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var X/e, = a2X,X,, which depends on X/ X, and hence differs from
observation to observation. For these cases we need to relax the
identical distribution assumption.

V.2 Independent Heterogeneously
Distributed Observations

Several different central limit theorems are available for the case in
which our observations are not identically distributed. The most
general result is in fact the centerpiece of all asymptotic distribution
theory.

THEOREM 5.6 (Lindeberg- Feller). Let {Z,} be a sequence of in-
dependent random scalars with E(Z ) =u,,var Z,=¢? < », g? # 0,
and distribution functions F(z). Then

n(Z, - )/ 6,* N, 1)
and
lim max n~(0%/62)=0

n—® |st=np

if and only if for every € > 0,

n

2 f (z — ) dF(z) = 0.
(z—u)?>eno

=1
Proof: See Loeve [1977, pp. 292-294].

The last condition of this result is called the Lindeberg condition. It
essentially requires the average contribution of the extreme tails to the
variance of Z, to be zero in the limit. When the Lindeberg condition
holds, not only does asymptotic normality follow, but the “uniform
asymptotic negligibility” condition max, .., # '(¢?/62)— 0 as
n— o also holds. This condition says that none of the Z, has a
variance so great that it dominates the variance of Z,. Further, since
0? # 0, it must be true that ng2 — «, so ng2 = X, a? is prevented
from converging to some finite value. Together, asymptotic normal-
ity and uniform asymptotic negligibility imply the Lindeberg condi-
tion.

lim %0}
n—w

EXAMPLE 5.7: Let 6? = p', 0 <p < 1. Then ng2 =3, p*— p/
(1 —p)asn— o, and max, <<, 1~ (07 /G3)=p/[p/(1 —p)]=1—p # 0.
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Hence {Z,} is not uniformly asymptotically negligible. It follows that
the Lindeberg condition is not satisfied, so asymptotic normality may
or may not hold for such a sequence.

EXAMPLE 5.8: Let{Z,}bei.i.d. withvar Z,=¢% < ©, By Theorem
5.2, yn(Z,— 3,)/6,% N(O, 1). Further, 62= ¢2, so max,,<,
n~Yo?/62)=n""(0%/0?) — 0. It follows that the Lindeberg condition
is satisfied.

EXERCISE 5.9: Give a direct demonstration that the Lindeberg
condition is satisfied for identically distributed {Z,} with var Z,=
0? < =, 5o that Theorem 5.2 follows as a corollary to Theorem 5.6.
Hint: apply the Monotone Convergence Theorem (Rao [1973, p.
135)).

In general, the Lindeberg condition can be somewhat difficult to
verify, so it is convenient to have a simpler condition that implies the
Lindeberg condition. This is provided by the following result.

THEOREM 5.10 (Liapounovt). Let{Z,}be asequence of indepen-
dent random scalars with E(Z,)=yu,, var Z,= %, 6? # 0, and
E|\Z,—u,|*** <A <oforsomed>0andalls. Ifd2> 4 > 0forall
n sufficiently large, then vn(Z, — f1,)/ 6, ~ N(0, 1).

Proof: We verify that the Lindeberg condition is satisfied.

f (Z - Iul)z dF,(Z)
(z—u,*>ena?

= f |Z _.u1|6|2 —,utl_‘s(z - .ut)z sz(Z)~
(z—u2>enc?

Whenever (z — u,)* > €ng?, it follows that |z — u,|™% < (end2)~92, so

f (z — u,)* dF (z) < (eng})™* f |z — u|*+° dF (2)
(z—p)2>eno2

(z—u)*>e€nc?
= (en6}) *PE|Z,— p|**?
< (eng2)~91A.

1 As stated, this result is actually a corollary to Liapounov’s original theorem. See
Loeve [1977, p. 287].
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Hence for any € > 0,

n

auint Y f( e (z =) dF (2)

=1

< G7Y€nd) A = n¥26 2% ~A,

Since 62 > &, 6;,27% < (8’) 1792 for all n sufficiently large. It follows
that

oty f (2 = P dF (2) < 928"\ -0rne=2
(z—u)2>e€nc

=1
—0 as n— o,

This result allows us to substitute the requirement that some mo-
ment of order slightly greater than two is uniformly bounded in place
of the more complicated Lindeberg condition. Note that E|Z |?*¢ <
A would also imply that E|Z, — u,**¢ is also uniformly bounded.
Also note the analogy with Corollary 3.9. There we obtained a law of
large numbers for independent random variables by imposing a uni-
form bound on E|Z,|'*%. Now we obtain a central limit theorem
imposing a uniform bound on E|Z |?*9,

We seek an asymptotic normality result analogous to Theorem 5.3
for independent heterogeneous random variables. If we apply
Theorem 5.10 instead of Theorem 5.2, we run into a small difficulty.
Recall that we applied the Cramér- Wold device to the sums n~12 =7,
A'V-12X'e, where V = var(n~2X’€). In the present case the ran-
dom variables X/€, are no longer identically distributed, and there is
now no reason to suppose that V,, is a constant or has a constant limit,
in general. By analogy, we would like to apply the Cramér- Wold
device to n~'2 Zn_, A’V;2X/e,. But the summands A’ V;?X'e,
now depend explicitly on n, a possibility not covered by Theorem
5.10. Nevertheless, the needed generalization is readily available.

THEOREM 5.11: Let {Z,} be a sequence of independent random
scalars with E(Z,,) = u,,, var Z,,= 02, 02, # 0, and E|Z,|*** <
A <o forsomed>0andallt. DefineZ,=n"'3r, Z,, i,=n"
Sr_ pmand G2=varvnZ,=n'3r_ o2, If2> & >0forall n
sufficiently large, then Vn(Z, — a,)/ &, ~ N(0, 1).

Proof- See Loeve [1977, pp. 287-290].
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EXERCISE 5.12: Prove the following result. Given

(i) y=XB, t+¢
() {(X,,€,)’} is an independent sequence;

(i) (a)
(b)

(c)
(iv) (a)

(b)

E(X/e)=0;

EIX i€x*TP <A< for some >0 and all h=
I, ...,pi=1,... ,kand¢

V, = var(n~'2X’€) is uniformly positive definite;
EIX%,|'""" <A< for some 6>0 and all h=
I, ...,pi=1,... ,kand

M, = E(X’X/n) is uniformly positive definite.

Then D;2Vn(B, — B,) 2 N(0, 1), where D, =M 'V, M;'. Suppose
in addition that

(v)  there exists V, symmetric and positive semidefinite such that

V,—

v, >0.

Then D, — D, = 0, where D, = (X’ X/n)~' V (X’ X/n)"".

Note the general applicability of this result. We can let X, be fixed
or stochastic (although independence is required), and the errors may
be homoscedastic or heteroscedastic. A similarly general result holds
for instrumental variables estimators.

ProrosiTION 5.13: Given

(i) y=XB te
(i) {(Z,,X,, €)'} is an independent sequence;

(i) (a)
(b)

(c)
(iv) (a)

(b)
(©)

E(Zie)=0;

E|\Z,€,*"" <A< for some >0 and all h=
I,...,pi=1,...,land¢

V, = var(n~'2Z’¢) is uniformly positive definite;
E|Z; X' <A< for some >0 and all h=
I, ...,pi=1,...,Lj=1,... ,kand¢;

Q. = E(Z’X/n) has uniformly full column rank;

P,— P, £ 0, where {P,} is O(1) and uniformly positive
definite.

Then D; 2Vn(B, — B;) ~ N(0, 1), where

D, =(Q;P,Q,)"'Q,P,V,P,Q(Q;P,Q,)".

Suppose in addition that
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(v) there exists V,, symmetric and positive semidefinite such that

~

Vv,—v. 5o
Then ﬁ,, - D, £, 0, where
D,=(X'ZP,Z’ X/n? (X' Z/n)P,V P (Z' X/n)(X"ZP,Z’ X/n?)\.

Proof: We verify the conditions of Exercise 4.26. To apply
Theorem 5.11, let Z,, = A’V;'?Z/e, and consider n~'2 =1
AV, 12Z'%€,. The summands Z,, are independent given (ii) with
E(Z,,) = 0 given (iiia), 62 =1 given (iiic), and E|Z,|**’ uniformly
bounded (apply Minkowski’s inequality) given (iiib). Hence n~'/2
sn, Z,=n'23n, }’V;12Z%,~ N(0, 1) by Theorem 5.11 and
V,?n'2Z7/€ A N, T) by the Cramér—Wold device, Proposition
5.1.

Assumptions (ii), (iva), and (ivb) ensure that Z'X/n — Q, 0 by
Corollary 3.9 and Theorem 2.24. Since the remaining conditions of
Exercise 4.26 are satisfied by assumption, the result follows.

Note the close similarity of the present result to that of Exercise 5.4.
We have dropped the identical distribution assumption made there at
the expense of imposing just slightly more in the way of moment
requirements in (iiib) and (iva). Otherwise, the conditions are identi-
cal. This relatively minor trade-off has greatly increased the applica-
bility of the results. Not only do the present results apply to situations
with fixed regressors and either homoscedastic or heteroscedastic
disturbances, but they also apply to cross-sectional data with either
homoscedastic or heteroscedastic disturbances. Further, by setting
| < p <, the present results apply to panel data (i.e., time-series
cross-sectional data) when p observations are available for each indi-
vidual.

As previously discussed, the independence assumption is not as
appropriate in time-series applications, so we now turn to central limit
results applicable to time-series data.

V.3 Dependent Identically Distributed
Observations

In the last two sections we saw that obtaining central limit theorems
for independent processes typically required strengthening the mo-
ment restrictions beyond what was sufficient for obtaining laws of large
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numbers. In the case of stationary ergodic processes, not only will we
strengthen the moment requirements, but we will also impose stronger
conditions on the memory of the process.

A very general statement of the central limit theorem for stationary
ergodic processes was given by Gordin [1969]. However, Gordin’s
conditions are not particularly easy to interpret. Here we adopt an
approach suggested by Hannan [1973] that has somewhat greater
intuitive appeal and is still quite general.

To motivate the memory conditions that we add, consider arandom
scalar Z,, and let §, be a g-algebra such that {Z,, ¥} is an adapted
stochastic sequence, (Z, is measurable with respect to &, and &,_, C
%, C §.) We can think of §, as being the g-algebra generated by the
entire current and past history of Z, or, more generally, as the o-alge-
bra generated by the entire current and past history of Z, as well as
other random variables, say ¥,. Given E|Z,| <, we can write

Z,=Z,— E(Z,|F-)+ EZ,]|F-1)
Similarly,
Z,=Z,—EZ|3-)+ EZ|3-1) — E(Z,|T,-5) + E(Z,|3,-»).
Proceeding in this way we can write
m—1
Z,=}§) R+ E(Z|F=m)s m=1,2, ...,

where 72, is the revision made in forecasting Z, when information
becomes available at time ¢ — j:

ﬂxj = E(Ztlgz—j) - E(legz—j—l)-

Note that for fixed j, {#,, §,-;) is a martingale difference sequence,
because it is an adapted stochastic sequence and

E(ﬁljlgl—j—l) = E[E(ZII%I—]') - E(Ztlgl—j—l)l%l—j—ll
= E[E(legl—j)lgt—j—l] - E[E(Ztlgl—j—l)lgl—j—ll
= E(legt—j—l) - E(Ztl%:-j—l) =0,
where we have applied the limearity property and the law of iterated
expectations, Proposition 3.72.
Thus we have written Z, as a sum of martingale differences plus a

remainder. The validity of the central limit theorem we discuss rests
on being able to write
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zZ,= 2 Ry
J=0
In this form, Z, is expressed as a “telescoping sum,” because adjacent
elements of 7,; cancel out. Among other things, the validity of this
expression requires that E(Z,|¥,—,,) tend appropriately to zero as
m — », Remember that E(Z,|F,_,,) is a random variable, so the
convergence to zero must be stochastic. In fact, the condition we
impose is that

E(EZ|3-mP)—0 as m—e

which can be stated in terms of convergence in quadratic mean as
defined in Chapter 2, i.e.,

E(Z|Frm)—0 as m—wx,

One way of interpreting this condition is that as we forecast Z, based
only on the information available at more and more distant points in
the past, our forecast approaches zero (in a mean squared error
sense). Further, this condition actually implies that E(Z,) = 0 as we
prove below, so that as our forecast becomes based on less and less
information, it approaches the forecast we would make with no
information, i.e., the unconditional expectation E(Z,).

LEMMA 5.14: Let (qZ 8 %} be an adapted stochastic sequence and
suppose E(Z |,-,,) —— 0asm— =, Then E(Z,))=0.

Proof: By Theorem 2.40 E(Z ,|3,—,,) — 0 as m — ® implies that
E(|E(Z,|&,—»)]) — 0 as m — <. Hence, for every € > 0 there exists
M(€) such that 0 = E(|E(Z,|F,-,,)|) < € for all m> M(€). By Jen-
sen’s inequality, |E[E(Z|F,—m)l = E(E(Z,|F,-m)]), so 0=
|E[EAZ,|F,—»)]| < € for all m > M(e). But by the law of iterated
expectations, E(Z,) = E[E(Z,|F,—.)], s0 0 =|E(Z )| <e. Since€is
arbitrary, it follows that E(Z,) = 0.

Next, consider var Z,. Given that we can write

Zl = 2 ﬁtja

j=0
it follows that if var Z, = g2 < =, then

var Z,=var(2 Yf,j) < o,

Jj=0
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Now for i < j, cov(R;, ;) = 0 since
coV(R,, Ry) = E(R,R;) = E[E(R,RjTF,-j-1]
=E[R,E(R;|TF,-j-)]=0.
Hence var(272, R,;) = Zj., var &;, implying that

var Z,= Y var R, <
Jj=0
In establishing the central limit result, it is necessary to have 7 =
var \/EZ,, finite. However, for this it does not suffice simply to have
var Z, finite. Inspecting 62, we see that

gZ=nvar Z,

n—1 n

=n' Y EZ)+2n' Y > E(ZZ_).
=1 =1 1=1+1
When Z, is stationary, p, = E(Z,Z,_,)/6* does not depend on ¢.
Hence, N

n—1
2=0>+20" Y (n—1)p,
=1

n—1
=g2+ 202 E p.(1 — 1/n).
=1

This last term contains a growing number of terms as n — %, and
without further conditions is not guaranteed to converge. It turns out
that the condition

Y (var Ry)'? <o

j=0
is sufficient to ensure that p, declines fast enough to ensure that 632
converges to a finite limit, say, 62, as n — o and that this, together with
stationarity and ergodicity, provides enough structure to obtain a
central limit result.

THEOREM 5.15: Let {Z,, ,} be an adapted stochastic sequence
such that {Z,) is stationary and ergodic with E(Z?) = g2 <, Sup-
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pose that E(Z,|F_ ) »0 as m—» and Zj., (var 7{0 W2 <,
Then 62— 2 < o as n— o, and if §2 > 0, then VnZ,/6 ~ N(O, 1).

Proof: This follows as a corollary to Theorem 2 of Gordin [1969]
with Gordin’s 6 = 0.

Note that the stationarity property has been exploited to impose
conditions on E(Z,|F_,,) alone rather than on E(Z |F,_,,) forall tand
on X, (var Ry;)"/* alone rather than on 2%, (var &))"/ for all ¢.

Applymg Theorem 5.15 and Proposmon 5.1 we obtain the follow-
ing result for the OLS estimator.

THEOREM 5.16: Given

(i) y=XBte
(i) (X, €)}isa statlonary ergodic sequence;
(i) (@) EXgu€onlB_m) q—> 0 as m — =, where ($,} is adapted
to Xi€n, h=1,...,p,i 1, R '
(b) E|X,€4* <, h—l, ..Lpi=1,... k;
() V,=var (n"/’-X’e) is uniformly positive definite;
(d) Define Rop; = E(Xopi€onlF-;) — E(X o €0nlSE—j-1), h=

L,...,p i=1, , k. For h=1,...,p, i=
1, , k, assume thatZ‘,_0 (var Ron)"? <oo
(V) @ EX <o h=1,....pi=1, ... k

(b) M=FXX,))is posmve definite;

Then V, — V finite and positive definite as n — o, and D 12Jn( ﬂ —
B.)* N(0, T), where D = M-1'VM-.
Suppose in addition that

(v) There ex1sts V symmetric and positive semidefinite such that
V -V, £0.

Then D, — D = 0, where D, = (X’ X/n)" 'V (X’ X/n)~.

Proof: We verify the conditions of Theorem 4.25. First we apply
Theorem 5.15 and Proposition 5.1 to show that V,2n~ 12 X’e ~ A N(O,
I). Consider n~'2 I, A’V~12X’e, where V is any finite positive
definite matrix. By Theorem 3.35,{Z,=A"V~12X’¢,} is a stationary
ergodic sequence given (ii), and {Z,, &,} is an adapted stochastic
sequence because Z, is measurable with respect to ¥, by Proposition
323, and §,_, C &, C¥. To see that E(Z?) < =, note that we can
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write
Z,=)MV~12Xle,

P
= 2 AVTIEX L€,
=

p k
= 2 2 )l-ixthieth,
h=1 =1

where 1, is the ith element of the k X | vector~1 = V~12), By
definition of A and V, there exists A < o such that|A,| < Aforall i. It
follows from Minkowski’s inequality that

14

E(ZY) = I:E i (E|Zixmf€:h|2)”2]2

h=1 i=1

= [A Ep: i (Elxxhi51h|2)”2:|2

h=1 i=]
=< [Apk AV < oo,

since for A sufficiently large, E|X,,€,4 < A <o given (iii.b) and the
stationarity assumption.

Next, we verify that E(Zy|F_,.) +550. Using the expression for
Z, just given, we can write

ko 2
EQE(Zol-m)P) = E([E(hi. ) Aixo,,,-eou%_m)] )
ko 2
=E|:{h2] 2 E('lixl)hiGOhl%—m)} ]

i=1

Applying Minkowski’s inequality it follows that

k . 2
E([E(Z,|3-m)P) = { i > (E[E(liXomeohI%-m)zl)”z}

h=) i=]

p k 2

= {A 2 2 (E[E(Xomfoﬂ%—m)z])l/z} .
h=1 j=1

Given assumption (iiia), it follows from Definition 2.3 (continuity)

that the right-hand side of the expression above converges to zero as

m— o, Since E([E(Zy|F_,.)])?) is nonnegative, it follows that

E(E(Zo|F-)P) — 0 as m — =, or E(Zo|F-,,) = 0.
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Now define
Ro = E(Zo|3-;) — E(Zo|F-j-1)-
We need to show that 2%, (var R,)"/? <. Since Z,= Zi_,
Sk 1.X €, We can write

Ry =

/]

'T ﬁ Ohij -

M=
M»

By
1
-

Now (var R;)'? = (E(R%))'2. It follows from Minkowski’s inequal-
ity that

(var R = 3 S (T2E (3, )

h=1 i=1

p k
Ay Y (var Ryy)'.

<
h=1 j=1
Hence
w© o p k
> (var Rp)'P =Y AY > (var Rg,)'?
J=0 Jj=0 hm=] j=|]
p k =
=AY DY (var Rgy;)'
h=1 i=1 j=0
By assumption (iiid), Z;_, (var Ry,;)'2 <o forallhA=1, . . ., pand
i=1, , k, so, for A < « sufficiently large, 252, (var Rg,; )2 < A
forh= l, ...,pandi=1, ... ,k. Thus

Y (var Ry)'2 < A’pk < =,

=0

as we wished to show.
By Theorem 5.15, it follows that

var VnZ, = var (n~'? 2 MVTI2X€) = A’ VTIRVY, V=12) — g < oo,
=

Hence V,, converges to a finite matrix. Set V=1im,_, V,, which is

positive deﬁmte given (iiic). Then = A"V~ V2VV~12) = 1 It then

follows from Theorem 5.15 that n~'/2 I, A’V~ '/ZX,'E ~ N, 1).

Since this holds for every A such that A’ A = l it follows from Proposi-
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tion 5.1 that V-124~12 37 X/e, > N(0, I). Now
V2012 S Xie, — V7120012 Y Xie,
=1 =1
= (V,'2V2 — )V~ 12112 2 X/e, = 0,
=1

since V,!2V1/2—1 is o(1) by Definition 2.3 and V~2p~12 3n_,
X/e, 2 N(0, 1), which allows application of Lemma 4.6. Hence by
Lemma 4.7, V712~ 12X’e X N(0, I).

Next X’X/n—M >0 by the ergodic theorem 3.34 and Theorem
2.24 given (ii) and (iv), where M is finite and positive definite. Since
the conditions of Theorem 4.25 are satisfied, it follows that
D;'"2Vn(B,— B,) * N(0, 1), where D, = M~'V,M~'. Because D, —
D — 0 as n — =, it follows that

D~'Vn(B, = Bo) = D7 *Vn(B, — B)
= (DD} — )D; "Vn(B, — f,) = 0

by Lemma 4.6. Hence, by Lemma 4.7, D="2Vn(8, — B,) ~ N(0, I).

Comparing this result with the OLS result in Theorem 5.3 for i.i.d.
regressors, we have replaced the i.i.d. assumption with stationarity,
ergodicity, and the memory requirements of (iii). Because these
conditions are always satisfied for i.i.d. sequences, Theorem 5.3 is in
fact a direct corollary of Theorem 5.16. Condition (iiia) is satisfied
because for i.i.d. sequences E(X,,€04lS-—,,) =0 for all m >0, and
condition (iiid) is satisfied because R,,; = 0 for all j > 0 and R,,; =
X gri€or for j= 0. Note that these conditions impose the restrictions
placed on Z, in Theorem 5.15 for each regressor-error cross product
X ohi€n-

Although the present result now allows for the possibility that X,
contains lagged dependent variables y, ,, y,,, . . . , it does not
allow €, to be serially correlated at the same time. This is ruled out by
(iiia) which implies E(X/e,) = 0 by Lemma 5.14. This condition will
be violated if lagged dependent variables are present when €, is serially
correlated. Also note that if lagged dependent variables are present in
X,, condition (iva) requires that E(y?) is finite. This in turn places
restrictions on the possible values allowed for 8,. ‘
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EXERCISE 5.17: Suppose that the model is y, = B,y,_; + By, +
€,. State general conditions on {y,} and (8,, B,) which ensure the
consistency and asymptotic normality of the OLS estimator for 8, and

B

As just mentioned, OLS is inappropriate when the model contains
lagged dependent variables in the presence of serially correlated
errors. However, useful instrumental variables estimators are often
available.

ExXERCISE 5.18: Prove the following result. Given

(i) y=XB t+¢
i) {(Z,,X,,€))isa statlonary ergodic sequence;
(i) (a) E(Z 0,,,50,,|{§_,,,) =750 as m — o, where {%,) is adapted
to{Z,€,), h=1,...,pi= 1, S
(b) E|Zlh1€lh| <°° h—l’ - Dl 1a e ,l,
() V,= var(n‘”zZ’e) is uniformly positive definite;

(d) 5o (var Ro)? <o, h=1,...,p,i=1,...,]
where Rop; = E(Z 04 € 00| F—;) — E(Z oni€onT-j—1);
(iv) @) E|ZpXyl<o,h=1,...,pi=1,...,Landj=
L, ...,k

(b) Q= E (Z;X,) has full column rank;
(c) P 2. P finite and positive definite.

Then V,— V finite and positive definite as n — %, and D"/2Vn( ﬁ —
ﬂo) ~ N(O I), where

D =(Q'PQ)"'Q’PVYPQ(Q'PQ)™".
Suppose further that
(v) there ex1sts V symmetric and positive semidefinite such that
V -v>0.
Then D,— D £ 0, where
D, = (X'ZP,Z’' X/m?) (X’ Z/n)P,V ,P(Z' X /n) (X' ZP,Z' X/r?) .
This result follows as a corollary to a more general theorem for
nonlinear equations given by Hansen [1982]. However, all the essen-
tial features of his assumptions are illustrated in the present result.
Since the results of this section are based on a stationarity assump-

tion, unconditional heteroscedasticity is explicitly ruled out. How-
ever, conditional heteroscedasticity is nevertheless a possibility, so
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efficiency improvements along the lines of Theorem 4.57 may be
obtained by eliminating conditional heteroscedasticity or serial corre-
lation.

V.4 Dependent Heterogeneously
Distributed Observations

To allow for situations in which the errors exhibit unconditional
heteroscedasticity, or the explanatory variables contain fixed as well as
lagged dependent variables, we apply central limit results for se-
quences of mixing random variables. A convenient version of the
Liapounov theorem for mixing processes is the following.

THEOREM 5.19 (Serfling; White and Domowitz). Let {Z,} be a
sequence of mixing random scalars such that either ¢ (m) or a(m) is of
size r/(r— 1), r>1, with E(Z,)= u,, var Z,= 62, 62 + 0, and
E|Z,|* <A< xforallt. Defined?,=var(n='22n Z,). Ifthere
exists g2, 0 < g2 < o, such that 0,2,,, — 2 as n — » uniformly in q,
then Vn(Z, — 4,)/ 6, ~ N(0, 1), where 62 = 63 ,.

Proof: The result for ¢-mixing is proved by Serfling [1968]. The
result for e-mixing is proved by White and Domowitz [1984].

Compared with the Liapounov central limit theorem 5.11, the
moment requirements are now potentially stronger to allow for con-
siderably more dependence in Z,. Note, however, that if ¢(m) or
a(m) decrease exponentially in m, we can set r arbitrarily close to one,
implying essentially the same moment restrictions as in the indepen-
dent case.

The other major difference between Theorem 5.11 and the present
result is the requlrement that 2, — 2 uniformly in a. Before, we
only required &2 to eventually be bounded away from zero. Now, we
are requiring 0',2,,,, to converge to a nonzero constant as n — « regard-
less of when we start the summation, i.e., regardless of the date of our
first observation. Moreover, the speed of convergence cannot depend
on the date of the first observation, since it must be uniform in a.

That the 62 approach a constant is a much stronger restriction on
the heterogeneity of Z, than we needed to impose to obtain a law of
large numbers. Essentially, we are imposing the requirement that Z,
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be covariance stationary asymptotically. This still allows a good deal
more heterogeneity than a covariance stationary process; however,
there is much less potential for heterogeneity than if &2 were only
required to be bounded away from zero.

The analog to Exercise 5.12 is as follows.

EXERCISE 5.20: Prove the following result. Given

(i) y=XB,+e
() {(X,, €)'} is a mixing sequence with either ¢(m) of size
r'ir’— 1), r' > 1 or a(m) of size (r’/r' — 1), r’ > 1, where
r'’=r+dforsomer=1andd>0;
(i) (a) E(Xje)=0;
(b) EIX€s* <A< for r'>1, h=1,...,p, i=
1, ...,k and all £;
(¢) V,,=var(n~'23atn  X’e,), V,=V,,, and there exists
V positive definite such that V,,— V—0 as n—
uniformly in a;
(iv) (@) EIX3,]"< A< for r’'l and all h=1,...,p, i=
I, ...,k and ¢
(b) M, = E(X’X/n) is uniformly positive definite.

Then D;2Vn(B, — B,) £ N(0,1), where D, =M;'V,M;'. Suppose
in addition that

(v) there exis;s V,, symmetric and positive semidefinite such that
vV,—V,—0.

Then D, — D, = 0, where D, = (X’ X/n)~' V (X’ X/n)".

Compared with Exercise 5.12, we have relaxed the memory require-
ment from independence to mixing (asymptotic independence). De-
pending on the amount of dependence the observations exhibit, the
moment conditions may or may not be stronger than those of Exercise
5.12. We have also imposed the requirement that V,,— V— 0 as
n — o, which is not needed in Exercise 5.12. If this condition were
not imposed, Exercise 5.12 would be a direct corollary of the present
result.

The flexibility gained by dispensing with the stationarity assump-
tion of Theorem 5.16 is that the present result can accommodate the
inclusion of fixed regressors as well as lagged dependent variables in
the explanatory variables of the model. The price paid is an increase
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in the moment restrictions, as well as an increase in the strength of the
memory conditions.

EXERCISE 5.21: Suppose the modelisy, =8,y,_, + B.x, +¢€,, where
x,is a fixed scalar. LetX, =(y,_,, x,) and provide conditions on {(X,,
€)'} and (f,, f,) that ensure that the OLS estimator of #, and B, is
consistent and asymptotically normal.

The result for the instrumental variables estimator is the following.

THEOREM 5.22: Given

i) y=XB,te
(i) {(Z,, X,, €)'} is a mixing sequence with either ¢ (m) of size
r’'f(r' = 1), r > 1 or a(m) of size r’/(r’ — 1), r’ > 1, where
r'=r+dforsomer=land0<d=r;
(i) (a) E(Zi)=0;
(b) E|Z,€,*" < A<» for r'>1, h=1,...,p, i=
I,...,lLandall¢
(¢c) V., =var(nV23atn Z'e, V,=V,, and there exists V
finite and positive definite such that V,,— V— 0 as
n — o uniformly in a;
(iv) (@) E|Z,Xul" <A<e<forr'landalh=1,...,pi=
L...,Lj=1,...,kand¢
(b) Q, = E(Z’X/n) has uniformly full column rank;
(c) P,—P, £ 0, where {P,} 1s O(1) and uniformly positive
definite.

Then D; 2Vn(8, — B,) = N(0, ), where
D, =(Q;P,Q,)'Q,P,V.P,Q.(Q;P,Q,)".
Suppose further that

(v)  there exists V, symmetric and positive semidefinite such that
V,—V,>0.
Then ﬁ,, - D, £ 0, where
D, = (X'ZP,Z' X/n®)" (X' Z/n)P,V,P (2’ X/n) (X’ ZP,Z’ X/n?)".
Proof: We verify that the conditions of Exercise 4.26 hold. First we
apply Proposition 5.1 to show V;2n~12Z/€¢ & N(0, 1). Consider
n'\23n  AV-12Z7%e,. By Theorem 3.49, A’ V~12Z/¢, is a sequence
of mixing random variables with either ¢ (m) of size r'/(r' — 1), r* > 1
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or a(m) of size r’/(r'—1), r">1, given (il). Further,
EA'V~127%€,)=0 given (iiia), E|A’'V~12Z/¢ | < A < for all ¢
given (iiib), and if a‘g,,= var(n~12 Zatn  M'VT12Z7e)= A'VT12
V,.V~124, we have 2, — 1 uniformly in a by (iiic). It follows from
Theorem 5.19 that n‘”2 Sn  AVTI2Z e, A N(0, 1). Since this holds
for every /1 A A= 1, it follows from Proposition 5.1 that V—1/2p~1/2
Sr_, Zl€, 2 N0, 1). Now

V—l/2 —1/2 2 Zle _— V—l/2 —1/2 2 foz

= (V; AV — )V~ 12112 2 Zie, >0,

because V;12y12 —1 is o(1) by Definition 2.3 and V~2p~V2 3r_|
Z,’e, N(0 I), which allows application of Lemma 4.6. Hence by
Lemma 4.7, V172 “/ZZ’e ~N@©,1).

Next, Z’X/n —Q, £ 0 by Corollary 3.48 given (iva), where {Q,) is
O(1) and has uniformly full column rank by (iva) and (ivb). Since
(ivc) also holds, the desired result now follows from Exercise 4.26.

This result is in a sense the most general of all the results that we
have obtained, because it contains so many special cases. Specifically,
it covers every situation previously considered (i.i.d., i.h.d., and d.i.d.
observations), although at the explicit cost of imposing slightly
stronger conditions in various respects. Note, too, this result applies
to systems of equations or panel data since we can choose p > 1.

Finally, we remark that condition (ii) of Theorem 5.22 is actually
stronger than necessary. Instead of requiring that Z,, X,, and €, be
jointly mixing of the specified size, it would be sufficient to require
only that {(Z,,X,)’} have ¢ (m) of size r/(2r — 1), r = 1 or a(m) of size
r/(r—1), r> 1 and {(Z,, €,)’} have ¢(m) or a(m) of size r'/(r' — 1),
r’> 1. The condition imposed by (ii) becomes useful later in esti-
mating covariance matrices.

V.5 Martingale Difference Sequences

In Chapter 3 we discussed laws of large numbers for martingale
difference sequences and mentioned that economic theory is often
used to justify the martingale difference assumption. If the martin-
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gale difference assumption is valid, then it often allows us to simplify
or weaken some of the other conditions imposed in establishing the
asymptotic normality of our estimators.

There are a variety of central limit theorems available for martin-
gale difference sequences. One version that is relatively convenient is
an extension of the Lindeberg-Feller theorem 5.6. In stating it, we
consider sequences of random variables {Z,,} and associated o-alge-
bras (§,, 1 = t =< n), where 3,_, C &, and Z,, is measurable with
respectto I,,. We can think of &, as being the o-field generated by the
current and past of Z,, as well as any other relevant random variables.

THEOREM 5.23: Let (Z,,, $,,) be a martingale difference sequence
such that o, = E(Z%) <>, g% # 0, and let F,, be the distribution
function of Z,,. Define Z,=n"'32r, Z, and 62=varVnZ,=n""
Sn_ a?,. Ifforeverye>0

lim 6,2n7' ) f 22dF,(z)=0,
n—e =1 Jz2>ena2
and
'S Z2,/62— 10,
=1

then VnZ,/6, > N(O, 1).

Proof: This follows immediately as a corollary to Theorem 2.3 of
McLeish [1974].

Comparing this result with the Lindeberg- Feller theorem, we see
that both impose the Lindeberg condition, whereas the independence
assumption has here been weakened to the martingale difference
assumption. The present result also imposes a condition not explicit
in the Lindeberg-Feller theorem, i.e., essentially that the sample
variance n~! Si., Z2is a consistent estimator for 2. This condition
is unnecessary in the independent case because it is implied there by
the Lindeberg condition. Without independence, we make use of
additional conditions, e.g., stationarity and ergodicity or mixing, to
ensure that the sample variance is indeed consistent for 2.

To illustrate how use of the martingale difference assumption allows
us to simplify our results, consider the IV estimator in the case of
stationary observations. We have the following result.
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THEOREM 5.24: Suppose conditions (i), (ii), (iv) and (v) of Exercise
5.18 hold, and replace condition (iii) with

(iii") (a) E(Z,,,,e,,,|{§,_,) =0 for all ¢, where {§,} is adapted to
(Zy€), h=1, ... ,pi=1, 0
(b) E|Z,€4° <°° h=1, ..,p,z—l,...,l;
(c) V,= var(n“/ZZ’e) = var(Z,’e,) = V is nonsingular.

Then the conclusions of Exercise 5.18 hold.

Proof: One way to prove this is to show that (iii’) implies (iii). This
is direct, and it is left to the reader to verify.

Alternatively, we can apply Proposition 5.1 and Theorem 5.23 to
verify that V;Y2n~127’¢ & N(0, I). Since {Zle,) is a stationary
martingale difference sequence, var(n~'2?Z’€¢)= n' I,
E(Ze,€,Z,) =V, finite by (iiib) and positive definite by (iiic). Hence,
consider n='2 2., A’V~12Z%€,. By Proposition 3.23, A’ V~12Z’e, is
measurable with respect to &, given (iii’a). Writing ’V™12Z/e, =
Sp_ Sk 1.7 €4, it follows from the linearity of condition expecta-
tions that E()-’V_UZZ;E:HL—]) Do 2{‘- e E(Z i€ il 1-1) =
given (iii’a). Hence {A’V~'2Z/e,, ¥,)} is a martingale dlﬁ’erence
sequence. As a consequence of stationarity, var(d’'V~'2Z’e,)=
A'V-12yV=112) = | for all ¢, and for all ¢, F,, = F, the distribution
function of 1’ V='2Z'e,. It follows from Exercise 5.9 that the Linde-
berg condition is satisfied. Since {1’ V™2Z’e,€,Z,V~'21)} is a sta-
tionary and ergodic sequence by Proposition 3.30 with finite expected
absolute values given (iii’b) and (iii’c) the ergodic theorem 3.34 and
Theorem 2.24 imply

n S VIR Z e, €2,V — M VIRV VI
=1

n
=n! 2 NV-12Zi€€Z V12— 1 0.

Hence, by Theorem 5.23 n~ 1232, 'V~ '”Z’e A N(0, 1). It follows
from Proposmon 5.1 that V—1/2 "/ZZ’e ~N(0,]I),andsince V=YV,
V;12p-127%¢ £ N(0, 1). The rest of the results follow as before.

Whereas use of the martingale difference assumption allows us to
state simpler conditions for stationary ergodic processes, it also allows
us to state weaker conditions on certain aspects of the behavior of
mixing processes. To do this conveniently, we apply a Liapounov-
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like corollary to the central limit theorem just given.

COROLLARY 5.25: Let (Z,,,, %n) be a martingale difference se-
quence such that E(Z2) =02, #+ 0 and E|Z,,|?>** < A < » for some
6> 0and all t. Ifg2>o' > 0 for all # sufficiently large and n~! =,
Z2,— 2> 0, then \/_Z 62N, 1).

Proof: Given E|Z,,|**¢ < A < =, the Lindeberg condition holds as
shown in the proof of Theorem 5. 10 Since 62 > ¢’ > 0,5;%is O(1),
so n! Sn, Z%/62— 1= & n! Sn, Z2%,— 62) > 0 by Exercise
2.35. The conditions of Theorem 5.24 hold and the result follows.

We use this result to obtain an analog to Theorem 5.24.

EXERCISE 5.26: Prove the following. Suppose conditions (i), (iv),
and (v) of Theorem 5.22 hold, and replace (ii) and (iii) with

(") {(Z,,X,, €)'} is a mixing sequence with either ¢ () of size
r/(2r—=1), r=1,ora(m)of size r/(r— 1), r > 1;
@(ii") (@) E(Zi€,4T,—1) =0 for all t, where {,) is adapted to

(Zy€p), h=1, ..., ,pi=1, ...,
(b) E|Z,,e,,|2"+")< A < for some >0 and all A=
I,...,pi=1,...,landallt;

(c) V,=var(n"'2Z’€) is uniformly positive definite.
Then the conclusions of Theorem 5.22 hold.

Note that although the assumption (iiia) has been strengthened from
E(Ze,) = 0 to the martingale difference assumption, we have weak-
ened the memory requirements from (ii) to (ii’), maintained the
moment requirements of (iiib), and weakened the homogeneity con-
dition (iiic) to the requirement that V, be O(1) and uniformly positive
definite. No longer is V,, required to converge to some limit.
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CHAPTETR VI

Estimating Asymptotic
Covariance Matrices

In all the preceding chapters, we defined V, = var(n~"?>X’€) or
V, = var(n~'2Z’€) and assumed that a consistent estimator V,, for V,
is available. In this chapter we obtain conditions that allow us to find
convenient consistent estimators V,,. Because the theory of estimat-
ing var(n~'2X’e) is identical to that of estimating var(n~"2Z’€), we
consider only the latter. Further, because the optimal choice for P, is
V; !, as we saw in Chapter IV, conditions that permit consistent

estimation of V, will also permit consistent estimation of P, = V! by
P,=V;\

VI.1 General Structure of V,,
Before proceeding to look at special cases, it is helpful to examine
the general form of V,,.
V,=var(n~'?Z’€) = E(Z’e€’ Z/n),

because we assume that E(n~'2Z’€) =0. In terms of individual
observations, this can be expressed as

v, =E<n" 33 z,'e,egz,).
=1 1=1

An equivalent way of writing the summation on the right is helpful in

132
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obtaining further insight. We can also write

V,=n"'Y E(Ze€ L)

=1

n-—1 n
+n' S Y EZie€_ L+ ZL_€_.€L)

=1 (=1+1

=n"'Y var(Zje,)

=1

n—1 n
+nt Y Y cov(Zie, Z;_.€,_.)t+ cov(Z;_.€,_., Zi€,).
=1 t=1+1
The last expression reveals that V,, is the average of the variances of
Ze, plus a term that takes into account the covariances between Z'e,
and Z;_.€,_, for all t and .

As we saw in Chapter IV, it is sometimes possible to express
variances or covariances of €, as functions of the instrumental vari-
able candidates W,,. Under the conditions given by Exercise 4.55, we
saw that we can express V,, as

V,=E@Z'Q,Z/n).

We consider three important special cases.
Case 1. The first case considered is when cov(Zle,, Z,_.€,_.) =
cov(Z,_.€,_., Ze,) =0 forallt + 1, so Q, is (block) diagonal and

V,=n"' > E(Zje€,ZL,).
t=]
This occurs when {(Z,,€,)’} is an independent sequence or when {Z€,,
&,) is a martingale difference sequence for some adapted o-fields g,.
Case 2. The next case arises when cov(Zye,, Z/_.€,_.)=
cov(Z,_.€,_.,Z/e) =0forallt=m, 1 <m <o, s0Q,is a(block)
band diagonal matrix and

V,=n"'> E(Zie€Z,)
=]
m—1 n
+n Y S E@Zie€ 2, )+ EZi_ € €Z,).
=] (=141
This case arises when E(Z€,|T,_,,) = 0 for 1 < m < o and adapted
o-fields ,. A simple example of this case arises when Z, is nonsto-
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chastic and €, is an MA(1) process, 1.e.,
€=av,+v,_,,

where {(v,} isan i.i.d. sequence with E(v,) =0. Setting, =o(. . .,€,)
it is readily verified that E(Z€,|F,—,,) = Z/E(€|T,_.,) =0 form = 2,
implying that -

V,=n"'Y E(Ze€Z)

=1

n
+n' Y E(Zie€;_Z,\)+ E(Z]_€,_€L).
=2

Case 3. The last case that we consider occurs when {Z/€,} is an
asymptotically uncorrelated sequence so that cov(Ze,, Z,_.€,_.) =
cov(Z;_.€,_,,Zje) — 0 as T — «. Rather than making direct use of
the assumption that {(Z,, €,)’} is asymptotically uncorrelated, we shall
assume that ((Z,, €,)’} is a mixing sequence, which will suffice for
asymptotic uncorrelatedness.

In this chapter we generally assume that the transformation C, and
therefore the elements of Q, are unknown beyond the information
specified in the three cases just discussed. If Q, were known, then it
could be used directly in estimating V,. But more importantly,
efficient estimation would be possible, as discussed in Section 3 of
Chapter 1V. The linear transformation involved in obtaining the
efficient estimator then allows the covariance matrix to be obtained as
a special instance of Case 1. In the following chapter we shall consider
some situations in which the elements of C, can be consistently
estimated.

VI.2 Case 1: Q, (Block) Diagonal

In this section, we treat the case in which

n
V,=n! E E(Zee,Z,).
=1
A special case of major importance arises when
E(€}|W,) = a3,

E(elherglwth9 Wrg) = O, t+ T, h + &
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so that

V,=n" Y 62E(Z,Z,) = d2L,.

=1

Our first result applies to this case.

THEOREM 6.1: Suppose V, = ¢2L,,, where g2 < © and L,is O(l)
If there exists &2 such that 67 = 02 andifZ’'Z/n—L, 2.0, then V
827’Z/nissuchthat V,—V, 20.

Proof: Immediate from Proposition 2.30.

ExEeRcISE 6.2: Using Exercise 3.80, find conditions that ensure that
a2 L g2andZ'Z/n—L, 2.0, where 82 = (y —XB,)'(y — Xﬁ,,)/(np).

Conditions under which 82 — o2 and Z’'Z/n — L, = 0 are easily
found from the results of Chapter III.

In the remainder of this section we consider the cases in which {((Z,,
X,, €)'} is a stationary sequence and {(Z,, X,, €,)’} a heterogeneous
sequence. We invoke the martingale difference assumption in each
case, which allows results for independent observations to follow as
direct corrollaries.

The results that we obtain below are motivated by the following
considerations. We are interested in estimating

n
V,=n"'Y E(Zie€;,Z,).
=1
If both Z, and €, were observable, a consistent estimator is easily
available from the results of Chapter III, say,

n
V,=n"'Y Ziee L,
=1
For example, if {(Z,, €,)’} were a stationary ergodic sequence, then as
long as the elements of Z/€,€; Z, have finite expected absolute value, it
follows from the ergodic theorem that V,— Vv, =*~0. Of course, €,1s
not observable. However, it can be estimated by

xlﬁ'm

where f, is consistent for 8,. This leads us to consider estimators of
the form
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n
V,=n"'> Zee€Z,.
=1
As we prove below, replacing €, with 2, makes no difference asymptoti-
cally under general conditions, so V, — V,, == 0. These conditions
are precisely specified for stationary sequences by the next result.

THEOREM 6.3: Suppose that

1 y=XB te
(i) ((Z,, X,, €)'} is a stationary ergodic sequence;
(i) (a) {(Zle,, ¥} is a martingale difference sequence;

(b) ElZg€s?<w h=1,....pi=1 ...,
() V,=var(n""?Z’e) = var(Z;e,) =V is positive definite;
(1V) (a) Elzlhixlhj|2< 007 h= 1’ L ] p$ l= 17 L ] 19 j=
1, ...,k

(b) Q,, = E(Z’'X/n) = E(Z;X,) = Q has full column rank;
(c) P, LN P, finite and positive definite.
Then V,,— V20, and Vol—vy-! 20.
Proof: By definition and assumption (iiia),
V,—V=n"' Zie€Z,— E(ZieeZ).
=1
We consider explicitly the case where p = 1; the extensionto p > 1 is

straight-forward but notationally cumbersome. Accordingly, we drop
the A subscript in what follows. With p= 1,

V,—V=n" S €Z,7,— E(€Z,Z)

=1

="' S (v~ XB,VZZ,~ E€Z;Z)

=1

=n 2 (€, — X(B,— B.)Z;Z,— E(€Z]Z)

t=1

=n"! 2 €,2Z; Z, - E(GIZZII Z)

=]

217" ¥ (B, — B Xi€Z[ Z,
=1

+ 1S (B B XX (B, — BOZIZ,

=1
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The result follows from Exercise 2.35 if each of the three terms in the
last equation converges in probability to zero.

Because the elements of Z /€€, Z, have finite expected absolute value
by assumption (iiib), it follows from the ergodic theorem 3.34 that

n'Y €Z;2,— E(e€Z;Z,) 0.
=1

Convergence in probability then follows from Theorem 2.24.
Next consider

7' Y (B, — B XieZiZ,.
=1

This can be written as the sum of k matrices. The i, j element of the
kthterm (k= 1, . . . , k) in this sum can be written

(an - ﬂox)zn_l 2 Xlelileel
=1
under the conditions given (8, — B,.) — 0; further,
E|XyZ,Z €| < E(IX,Z,")'?E(|Z,€,*)'"?
by the Cauchy -Schwartz inequality. Since assumption (iva) guaran-
tees that
E(IX(Z?) <o
and, by (iiib),
E(|Z e <,
it follows that
ElxtxZIileetl < @,
50, by the ergodic theorem,
n™! E X, Z,ZL,€ — E(X, Z,;Z¢€,) Sl )

=1
This implies that 2n~! 21| X, Z,Z,€, is O,(1), so that

B = Bo2n™" S, X Z,Z 56, 0

=1
by Corollary 2.36. It follows from Exercise 2.35 that
1
2071y (B~ Bo)' XieZiZ,~ 0.

=1
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Finally, consider

S (B~ B XX (B~ BIZIZ,

=1

This can be written as the sum of k2 matrices, where the i, j element of
the k, Ath(x, A=1, . . ., k) term has the form

(ﬁnx - ﬂox)(ﬁn}. - ﬂo}.)n_l 2": Xlkxtlztizlj-

=1

Under the conditions given, ( ﬁ,,l —-B.) 20,4=1, . .. ,k;further,
the Cauchy-Schwartz inequality applies to yield

E\X XuZ,iZy| <,

given assumption (ivb), so, by the ergodic theorem,

n! 2 thxt).ZtiZu‘ - E(chXU.Zn'th) — 0.

=1

This implies that n~! 27 X, X,Z,Z,; is O,(1), so that

B — Bod) B — Bod™ S XX ZZy 2 0

t=1

by Corollary 2.36. It follows from Exercise 2.35 that

n' Y (Bu— B Xi XA By — B)ZIZ, 0.
=1
It follows that V, — v>o0 by Exercise 2.35. Since V is positive
deﬁnipte given (iiic), it follows from Proposition 2.30 that V! —
V-I=0.

Comparing the conditions of this result with those of Theorem 5.24,
we see that we have strengthened moment condition (iva) and that
this, together with the other assumptions, implies assumption (v) of
Theorem 5.24. An immediate corollary of this fact is that the conclu-
sions of Theorem 5.24 hold under the conditions of Theorem 6.3.

CoROLLARY 6.4: Suppose conditions (i)-(iv) of Theorem 6.3
hold. Then D~'Wn(g, — B,) 2 N(0, 1) where

D =(Q'PQ)'Q’PYPQ(Q'PQ)™".
Further, ﬁ,, -D> 0, where
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D, = (X'ZP, 2’ X/n®) (X' Z/n)P,V, P (Z’' X/n) (X' ZP,Z’' X /n?)".

Proof: Immediate from Theorem 5.24 and Theorem 6.3.

The usefulness of this result arises in situations in which it is
inappropriate to assume that

E(€}|W,) =03,

for example, when the errors obey an ARCH model (Engle [1982}),
e.g., for p=1, it is known that

E€|W)=pe€_, +pe,+ - +pe-,, T < o,

Note that W, must contain current and lagged values of X, and y,_, in
this instance.

The results of Theorem 6.3 and Corollary 6.4 suggest a simple
two-step procedure for obtaining the efficient estimator of Proposition
445, 1.e.,

*=(X'ZV;'Z’X) X' ZV; 2 y.

First, one obtains a consistent estimator for §,, for example, the 2SLS
estimator,

B.=(X'Z@Z'Zy 7' X)X (2 Z) 2y,

and forms
~ n Lo
V,=n"'Y Ziee€Z,
=1

where €, =y, — X,8,. Second, this estimator is then used to compute
the efficient estimator ¥. Because 8 can be computed in this way, it
is called the two-stage instrumental variables (2S1V) estimator, intro-
duced by White [1982]. Formally, we have the following result.

COROLLARY 6.5: Suppose that

i) y=XB +e¢
(i) {(Z,, X,, €)'} is a stationary ergodic sequence;
(iii) (a) (Zle,, F,)is a martingale difference sequence;
(b) E|lZg€u><o,h=1,...,pi=1,...,1
(c) V,=var(n~'2Z’€) = var(Z)e,) =V is positive definite;
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(lV) (a) E|Zlhinhj|2<ooah= ls" -5 Dy = la .. .,1,j=
1, ..., k and E|Z,]*? <, h=1, ..., p, i=
L ..., 0

(b) Q,=E(Z’X/n)= E(Z;X,) = Q has full column rank;
(¢) L,=E(Z’'Z/n)= E(Z,;Z,) = L is positive definite.

Define
-~ n ~
=01y Zi€€Z,
=1

where €,= y,— X,B,, B.= (X'Z(Z'Zy'Z’ Xy 'X'Z(Z'Z)"'Z’y,
and define

Br=(X"ZV;'Z’X)"'X'ZV;'Zy.
Then D~Y2Vn(B* — B,) & N(0, I), where
D=@Q'V'Q)"
Further, D, — D - 0, where
D,=(X'ZV;'Z' X/n?) .

Proof: Conditions (i)-(iv) ensure that Theorem 6.3 holds for ﬁ,,.
(Note that the second part of (iva) is redundant if X, contains a
constant,) Nextset P, =V, !in Corollary 6.4. Then P=V~! and
the result follows.

This result is the most explicit asymptotic normality result obtained
so far, because all of the conditions are stated directly in terms of the
stochastic properties of the instrumental variables, regressors, and
errors. The remainder of the asymptotic normality resuits stated in
this chapter will also share this convenient feature.

We note that results for the OLS estimator follow at a special case
upon setting Z, = X, and that results for the 1.i.d. case follow as
immediate corollaries, since an 1.i.d. sequence is a stationary ergodic
martingale difference sequence when E(ZJe,) = 0.

Analogous results hold for heterogencous sequences. Because the
proofs are completely parallel to those just given, they are left as an
exercise for the reader.
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EXERCISE 6.6: Prove the following result. Suppose

1) y=XB +e€
i) {(Z,, X,, €)'} is a mixing sequence with either ¢(m) of size
r/2Qr— 1), r=1, or a(m) of size r/(r— 1), r>1;

(i) (a)
(b)

(c)
(iv) (a)

(b)
(c)

(Z;e,, T,} is a martingale difference sequence;
E\Z,,€,**) < A< « for some >0 and all h=
I,...,pi=1,...,lLand¢,

V, = var(n~'2Z’€) is uniformly positive definite;

E|Z 4 Xpj) %) < A< o for some 0>0 and all h=
L, ...,pi=1,. )= , k,and ¢;
Q.= E(Z X/n) has umformly full column rank;

P -P, LN 0, where {P,} is O(1) and uniformly positive
definite.

Then V,—V, > 0and V;! —v;1 5 0.

EXERCISE 6.7: Prove the following result. Suppose conditions
(i)-(iv) of Exercise 6.6 hold. Then D 2Vn(f§, — Bo)~N(0 I) where

Further, D,

Il = (Qn nQn )_ lQnPnVn PnQn(Qn nQn)— .

—D, £ 0, where

D, = (X'ZP,Z’' X/n®) (X' Z/n)P,V, P (2’ X/n)(X' ZP,Z’' X/n2)".
EXERCISE 6.8: Prove the following result. Suppose

Q) y=XB+e€ .
() {(Z,, X,, €)'} is a mixing sequence with either ¢p(m) of size
rQQr—1), r=1,ora{m)of size r/(r— 1), r> 1;

(i) (a)
(b)
(c)
(iv) (a)
(b)
()

Define

(Ze,, 3, is a martingale difference sequence;
E|Z,,€42+9 < A< o for some 6>0 and all 1=
1, ...,pi=1,...,Landg

V, = var(n~'2Z’€) is uniformly positive definite;

E|Z,, X249 < A <  and E|Z,, |2<'+5) < A< o, for
somed>0andallhi=1,...,p i=1,. lj—
l,...,kand¢

Q, = E(Z’ X/n) has uniformly full column rank;

L, = E(Z’ Z/n) is uniformly positive definite.

=n! 2 Z/€€Z,
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where €, =y, — X8, B,= (X' Z(Z' Z)'Z’' Xy X' Z(Z' Z)" 'Z’y, and
Br=(X'ZV;'Z' Xy X' ZV;'Z’y.
Then D; 2Vn(B* — B,) ~ N(0, I), where
D,=(Q;V;'Q.)".
Further, ﬁ,, - D, LN 0, where
D,=(X"ZV;'Z'X/n?)".

This result aliows for unconditional heterogeneity not allowed by
Corollary 6.5, at the expense of imposing somewhat stronger memory
and moment conditions. Results for the independent case follow as
corollaries because independent sequences are ¢-mixing sequences for
which we can set r = 1. Thus the present result contains the result of
White [1982] as a special case but also allows for the presence of
dynamic effects not permitted there, as well as applying explicitly to
systems of equations or panel data.

VI.3 Case 2: Q, (Block) Band Diagonal

Here we treat the case in which, for m < o,

V,=n"' Y E(Zi€€L)
=1

+n7' Y E(Zie€ \Z, )+ E(Z]_€_€Z)
(=2

+ - .-

n
+n! 2 E(Zie€ i \Zi i)+ E(Z]_ 1 € i 1€ZL)
=m

=n"'Y E(Z€€Z)
=1

m—1 n
+n! 2 2 E(Z;€,€I/_,Z,_t) + E(Z;—‘te[—‘te;Z’).
=1 t=1t+1

Throughout, we shall assume that this structure is generated by a
knowledge that E(Z/€,|F,_,) = 0 for 1 = m < o and adapted o-fields
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&,. The other conditions imposed and methods of proof will be nearly
identical to those of the preceding section. We consider estimators V,,
of the form

=n"! 2 Z.€€Z,

m—1
tnt Y 2 Ziee_2,_.+1,_ & €1,
T=] {=1+1
Y p o, .
It turns out that V, — V, — 0 under general conditions, as we now
demonstrate.

THEOREM 6.9: Suppose that

(i) y=XBte
(i) {(Z,, X,, €)'} is a stationary ergodic sequence;
(iii) (@) EZ/E|F,_)=0forl =m<w and adapted o-fields 3,;

(b) EIZ,,,,G,,J < w h = 1 . . ,p, 1, o e ey l,
(¢) V,=var(n l/ZZ’e) VlS positive definite;
(iv) (a) EIZ,hiX,hj|2< o h=1...,pi=1...,1j=

L ...
(b) Q,, E(Z’X/n) = E(Z;X,) = Q has full column rank;
(c) P = P, finite and positive definite.

Then V,— V-5 0and V;1 — V-t 2.
Proof: By definition and assumption (iiia),

V.= V=n"'Y Ziee€Z — EZeeZ,)
t=1

m—1 n

+n' ¥ ¥ Zie€ L. — B2 Z,.)
=1 (=141

+2Z; .€ €7 — E(Z,_.€_.€L)).

If we can show that
n ~ A
nt Y Zie€ 7, .
t=1+1

—E(Zle€_Z,_)>0, t=0,...,m—1,

then the desired result follows by Exercise 2.35. As before, we con-
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sider explicitly the case p = 1 and drop the A subscript. Withp =1, we
have

n Y Zie€_.Z,_.— E(Z€€ 7, )

1=1+1

=((n— r)/n)(n - T)‘l 2 EIEI—IZI,ZI—T - E(elel—tz;zl—t)'

t=t+1
Fort=0,...,m— 1, we have ((n— 7)/n)— 1 as n— o, s0 it
suffices to show that fort=0, . . . ,m—1,

n

(=1 ¥ €& ZiZ~ Eleg-LiZ-) 0.
Because €, = y, — X,ﬂ,,, we have

(n—o! 2 EIEI—TZI,ZI—t — Ele€,.Z{Z, )

t=t+1

=(n—1)"! 2 €€_.LZ_.— E(e€_.Z{Z, )

t=1+1

=1 S (- B XleZiZ,..

t=1+1

—(n—1! 2 (ﬂ ﬂo) X €ZiZ,_,

t=1+1

+=1 S Bo— BIXXe kB — BIZIZ, .

=1+

The proof now proceeds identically to that of Theorem 6.3, and the
result follows by showing that each term above converges in probabil-
ity to zero. Note that Theorem 3.35 is invoked to guarantee that the
summands involved are stationary and ergodic and that the Cauchy -
Schwartz inequality is applied exactly as in the proof of Theorem 6.3 to
guarantee the finiteness of the relevant expectations.

Results analogous to Corollaries 6.4 and 6.5 also follow similarly.

CoOROLLARY 6.10: Suppose conditions (i)—(iv) of Theorem 6.9
hold. Then D~"%Vn(g, — B,) ~ N(0, I), where

D = (Q"PQ)"'Q"PVPQ(Q'PQ)™".
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Further, ﬁ,, -D> 0, where
D, = (X'ZP, 2’ X/n?)" (X' Z/n)P,V P (Z'X/n) (X' ZP,Z' X /n?)~".

Proof: Immediate from Exercise 5.18 and Theorem 6.9.

COROLLARY 6.11: Suppose that

(i) y=XBte
(i) {(Z,,X,, €) ) is a stationary ergodic sequence;
(iii) (@) E(Z)€|F,—,.) =0 for | =m <= and adapted o-fields 3;

(b) E|Z,€4*<o,h=1,...,pi=1, Lk
(¢) V,=var(n '?Z’e)= VlS positive deﬁmte
(iv) (a) E|Z,,,,-X,,,j|2< o h=1,...,pi=1...,1 j=
l,..., k and E|Z,)*?< o, h=1,. .., p, i=
1, ...,

(b) Q,= E(Z’X/n)= E(Z!X,) = Q has full column rank;
(¢) L,=E(Z'Z/n)= E(Z,Z,) = L is positive definite.

Define

n
V,=n"! 2 Zee€Z,

+n! 2 z Zee 2, .+27, € €7,

=1 t=1+1|
where €, =y,— X,8,, B, = (X' Z(Z'Z)"'Z’ X)X’ Z(Z’ Z)~'Z'y, and
define

Br=(X'ZV;'Z'X)"'X'ZV;'Z.
Then D~'2Vn(B* — B,) * N(0, 1), where
=@V Q.

Further, ﬁ,, -p> 0, where

D,=(X'ZV;'Z2' X/n?) .

Proof: Conditions (i)-(iv) ensure that Theorem 6.9 holds for ﬁ .

Set P, = V! in Corollary 6.10. Then P =V~ and the result follows.

Results for mixing sequences parallel those of Exercises 6.6 -6.8.
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EXERCISE 6.12: Prove the following result. Suppose

(1) y=XB,+¢
(i) {Z, X,, €)'} is a mixing sequence with either ¢(m) of size
rir’' —1,r >1,ora(m)ofsize r’'/(r' —1),r > 1, wherer' =
r+ J for some r=1and é > 0;
(i) (@) E(Z)€|T,-,.) =0 for | =m <o and adapted o-fields &,;
(b) E|Z€,)* <A<oforr'>landallh=1, ... ,pi=
1, ...,Landy¢
(c) V,,=var(n~'23atn  Z'e), V,=V,,, and there exists
V finite and positive definite such that V,, — V— 0 as
n — o uniformly in a;
(iv) (@) E|Z, X" <A<owforr>landallh=1,...,p,
i=1,...,Lj=1,...,kandy
(b) Q.= E(Z’X/n) has uniformly full column rank;
¢ P,—P, £ 0, where {P,} is O(1) and uniformly positive
definite.

Then V,—V,>0and V;! —V;1 50,

EXERCISE 6.13: Prove the following result. Suppose conditions
(i)-(iv) of Exercise 6.12 hold. Then D;'2Vn(8,— B,) A N@, 1),
where

D,=(Q;P,Q.)'Q;P,V,P,Q.(Q;P,Q,)".
Further, D, — D, £ 0, where
D, = (X'ZP,Z’ X/n? (X' Z/n)P,V P (Z'X/n) (X' ZP,Z’ X/n?)~".
(Hint: apply Theorem 5.22.)

EXERCISE 6.14: Prove the following result. Suppose

(i) y=XB,+¢€
i) {(Z,, X,, €)'} is a mixing sequence with either ¢(m) of size
rir’ —=1,r >1,ora(m)ofsizer’'/(r' —1),r >1,wherer’ =
r+ dforsomer=1andd>0;
(iii) (@) E(Z)€|F—m) =0 for 1 =m < and adapted o-fields F,;
(b) E|Z€." <A<ooforr>1landallh=1, ..., pi=
I,...,lLand¢
(c) Vg =var(n~'?3Zetn  Z'e), V,=V,, and there exists
V finite and positive definite such that V,, — V — 0 as
n — o uniformly in g;



V1.4 Case 3: General Case 147

(iv) @ E|ZpXpyl*" <A<oand E|Z,[" <A<oforr>1,
andal h=1,...,pi=1,...,Lj=1,... Kk
and ¢;

(b) Q, = E(Z’X/n) has uniformly full column rank;
(¢) L,= E(Z’Z/n) is uniformly positive definite.

Define
=n! 2 Z/€€

+n! 2 S ZEe 2, .+ % &1,

=1 t=1+1

where e, ,ﬂ,,, ﬁ =(X'Z(Z'Zy'Z’X)y ' X' Z(Z'Z)"'Z’y, and
define

Br=(X'ZV,Z' Xy 'X'ZV;'Z'y.
Then D; 2Vn(B* — B,) & N(0, 1), where
D,=(Q.V,'Q)".
Further, D, — D, £, 0, where
D,=(X'ZV;'Z' X/ .

VI.4 Case 3;: General Case

In this section we consider the general case in which

V,=n""! 2 E(Ze€Z,)

+r1S S EZieeZ)+ ETis 2.
=1 t=1+1

The essential restriction we impose is that as T — o the covariance
between Z/e, and Z;_ €,_, goes to zero. This behavior is ensured by
assuming that {(Z,, X,, €)'} is a mixing sequence. In the stationary
case then, we replace ergodicity with mixing, which, as we saw in
Chapter I1I, implies ergodicity.

The fact that mixing sequences are asymptotically uncorrelated is a
consequence of the following lemma.
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LEMMA 6.15: Let Z be a random variable measurable with respect
to B+, such that 1 Zll, = [E|Z]9]"4 < for some ¢ > 1,and let | <
r=g. Then

I1E(Z| B2 ) — E(Z)Il, < 2[p(m)]'~ VA ZIl,
and
IE(Z|B ) — E)I, = 22V + D) [a(m)]/~ 14N Z,.

Proof: This follows immediately from Lemma 2.1 of McLeish
[1975].

For mixing sequences, ¢(m) or a(m) goes to zero as m — o, so this
result imposes bounds on the rate that the conditional expectation of
Z, given the past up to period », converges to the unconditional
expectation as the time separation m gets larger and larger.

By setting g = r = 2 for ¢-mixing sequences and r= 2, g > 2 for
a-mixing sequences, we obtain the following result.

COROLLARY 6.16: Let E(Z,)=E(Z,,,,) =0 and suppose var Z, <
o« and for some é > 0, E|Z,,,,|> %) <. Then
lE(ZnZn+m)| = 2¢(m)l/2(var Zn)llz(var Z'n+m)l/2
and

|E(ann+m)| = 2(21/2 + l)a(m)d/(2+2¢5)(var Zn)l/z
X (EIZn+m|2+26)l/(2+26)'

Proof: By the law of iterated expectations,
E(ann+m) = E(E(ann+m|££m))
= E(ZnE(Zn+m|B£w))

by Proposition 3.65. It follows from the Cauchy - Schwartz inequality
that

|E(Z,Z s )| = E(ZZ)' PE(E(Z 4. 1] BLo) )2
By Lemma 6.15, we have
E(E(Z 4| B22)*)'? = 2¢(m)*(var Z,,.,,)'/?
and
E(E(Z'H_m'zﬁm)Z)l/Z < 2(21/2 + 1)a(m)é/(2+2¢5)(E|Z”+m|2+26)l/(2+26)’
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where we set ¢ = r = 2 to obtain the first inequalityand r=2,¢g=2 +
26, 6 > 0, to obtain the second inequality. Combining these inequali-
ties yields the final result.

IE(ZnZn+m)| = 2¢)(m)'/2(var Zn)llz(var Zn+m)l/2
and

|E(ann+m)| = 2(21/2 + l)a(m)(;/(2+26)(var Z")I/Z
X (E|Z,,+m|2+25)]/(2+26).

The direct implication of this result is that mixing sequences are
asymptotically uncorrelated, because ¢p(m) — 0 or a(m) — 0 implies
|E(Z,Z,+,,)] — 0as m — o, For mixing sequences, it follows that V,,
might be well approximated by

V.=n"'Y E(Zie€Z)
=1

! n
+n7' Y Y E(Ze€ 7, )+ E(Z_.€_.€Z,)

=1 (=t+1
for some value /, because the neglected terms (those with / <t < n) will
be small in absolute value if /is sufficiently large. Note, however, that
if [ is simply kept fixed as n grows, the number of neglected terms
grows, and may grow in such a way that the sum of the neglected terms
does not remain negligible.

This suggests that / will have to grow with #, so that the terms inVv,
ignored by V remain negligible. Actually, we require that Vv, V —
Oasn— o, and this turns out to require additional restrictions on the
size of qb(m) or a(m), as the next lemma demonstrates.

LEMMA 6.17: Let {Z,} be a scalar sequence such that E(Z,) =0 and
E|Z|**21< A < o for some > 0, and all . Define

62= var(n‘”2 i Z,)
=1
= 3 E@)

+n ‘”i 2 E(Z,Z_)+ E(Z,_.Z),

=1 t=1+1
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and consider the approximation

F=n''Y EZ2)
=1

/ n
+nt S S E(Z,Z,)+ E(Z,_,Z).

=1 t=1+1

If / — o as n — o and if either ¢p(m) is of size 2 or a(m) is of size (2 +
2n)/n, then 62— G2 — 0 as n — o,

Proof: By definition,

n—1 n
0-'31 - 6'31 =n"! 2 2 E(Z,Z,_))+ E(Zl—‘lzl)‘

=I+1 t=1+1

Because
n—1 n
63— a3l=<n! 2 S \E(Z,Z, ) +|E(Z,-.Z)
={+1 t=1+1

by the triangle inequality, it suffices to show that

n—1 n
nt Y Y |E(ZZ,_)—0  as n—ee

=41 =1+1

By Corollary 6.16, we have

|E(Z,Z,.)| = 2¢(7)"*(var Z,)"/*(var Z,_ )"
and

IE(Z,Z, )< 22" + Da@p/@*n(var Z, ) /2(E|Z, 2+ e+,
Because E|Z,|>*2" < A for all t by assumption, it follows that

var Zt < [E|Z:|2+2"]2/(2+2") < Al/H—n
for all 7 by Jensen’s inequality. Hence
E(Z,Z,-.)| = 2(2)'2A M0+
and
|E(Z,Z,_,) < 2(2'? + 1)a(1)"E+ImAVA+D),

Set A’ = 2AY0+M and A* = (22 + 1)A’. Then
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n—1 n n—1 n
by Y E(ZZ, ) =n"! Z Y A'd(r)”
=41 t=1+1 =[+1 t=1+1
and
n—1i n n—1 n
n-! E 2 |E(Z,Z,_,)| < n-! 2 2 A*a(t)""“””.
t=I+1 1=1+1 =41 1=1+1
Now
n—1 n n—1
Y > A=A $@)n—1)n
={+1 =1+1 T=I+1
n—1
<A ()2
tgi-l d)
and
n—1 n n—1
n—l 2 2 A*a(r)’l/(2+2'l) = A* 2 a(r)ﬂ/(2+2'l)(n — T)/n
1=[+1 1=1+1 =[/+1
< A* ’21 ()"t
=I+1
so that
n—1 n n—1
Y Y EZZ =AY G
=I+1 1=1+1 =I+1
and

- z n—1
nmt Y Y |E(ZZ, )= A S a(rrerm,

={+1 t=1+1 t=I[+1

If (1) is of size 2, there exists A <  sufficiently large such that ¢(1) <
A1727% for some J > 0. Hence

5:': d(1)2 <A i 719,

=0 =0

so that

lim 3 ¢(1)'?<lim A Y 17'7¢ <o,
nTe 120 ne

=0



152 VI. Estimating Asymptotic Covariance Matrices

Because

l
E ()" = 2 ()2 — 2‘6 ()72,

T=I+1

it follows that if ¢(t) is of size 2, then

lim 2 d(1)\2 = 11m Z o(1)\2 — 11m E d(1)'72

e ST

=0’

provided / — ® as n — . A similar argument establishes that, if a(7)
is of size (2 + 2n)/n, then
n—1

lim a(T)me+in =,

Nn—*0
=I+1

Hence

n—1 n
by Y IEZZ )0 as n—,

=I+1 (=1+1
s0|G2— 62|— 0asn— o,

The implication of this result is that, if / — % as » — o and either
@d(m) or a(m) decreases sufficiently fast, then finding a consistent
estimator for V, amounts to finding a consistent estimator for V
The form of V,, is nearly the same as the form of V,, in the precedmg
section. The essential difference is that here / increases with n,
whereas in the previous section, m is fixed. This means that the
method of proof used in establishing the consistency of V, in the
previous section no longer applies, because the result of Exercise 2.35
does not apply to sums with a growing number of terms. Neverthe-
less, the estimator

=n"! 2 Zle€Z,
1 n ~ o~ ~ ~
+n7' Y > Ziee Z,+ 7 _.€_.€7,
=1 t=1+1

is consistent for V,, (hence V,) provided that / does not grow too fast.
The proof of the consistency of V,, relies heavily on Lemma 6.19
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below, which in turn requires a lemma closely related to Theorem
3.49,

LEMMA 6.18: Let g,, be a measurable function onto R* for each ¢
and randdefine Z,, = g,.(%,,%,_,, . . . , %,_)t=1+1,. ... If
the sequence of 1 X g vectors {X,} has mixing coefficients ¢(m) and
a(m), then {Z, .} has mixing coefficients ¢, (m)= ¢(m— 1) and
a(m=am—1)form>tand d,(Mm)< 1, a,(m)=1form=r1.

Proof: Let Bo=0(X%,, . .., Xy andlett=0(Z,, . .., Z,).
Define ¢.(m) = sup, &($".,95+,). Since g is measurable, §2C
6. 1t follows that ¢, (m) < sup,, A(F" w, s m—2)s SO

for m=r,

1
bo(m) = {qb(m —1) for m>r.
The result for the « coefficients follows by replacing ¢ with a.

In fact, Theorem 3.49 follows as a corollary to this result.

The next lemma establishes an inequality which allows application
of Chebyshev’s inequality. It provides the key to proving the consis-
tency of V,,.

LEMMA 6.19: Let g, be a measurable function onto R* for each ¢
and 7, and define Z,= g,.(%,, .. ., X._),t=1+1,....
Suppose {X,} is a mixing sequence of 1 X g vectors with either ¢(m) of
size 2 or a(m) of size 2 + 2n)/n, n> 0. If E|Z,|*t?7< A < o and
E(Z,)= 0 for all ¢ and 7, then there exists A* < « independent of 7

such that
n 2
E([ > Z,,] ) = (n—1)A*.
=141

Proof: By the triangle inequality

E([ i Z”]2>= i E(Z’21)+ "21 i E(Zl‘er-—mt)

t=1+1 t=1+1] m=t+1 t=m+1
n n—1 n
= > EZ)+ ¥ 3 |EZ.Z_w)
1=t+1 m=t1+1 t=m+1

By Corollary 6.16
|E(Z Z,— )| = 2@ (m)'P(var Z,,)"*(var Z,_,,.)'"?
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or
\E(Z.Z,— )| = 22" + D (m)"C* 2 (var Z,_,,,)'2
X (EIZH|2+2'])I/(2+27])’
where ¢ (m) and a,(m) are the mixing coeflicients associated with

{(Z,). Since E|Z,|***" < A by assumption, E|Z,|*> = A’ by Jensen’s
inequality, where A’ = AY(+»_ Tt follows that

E( i Z, 2)S(n—t)A’-i—ZA’ nil é.(m)"*(n — m)

L r=1+1 J m=t+1
or

n—1

E( >y Z, 2) =(n—A +207 Y o (m)"r(n— m),

L r=1+1 J m=t+1]

where A” = (212 + 1)A’. Because Z,, = g,(%,, . . . , X,_,) it fol-
lows from Lemma 6.18 that ¢.(m) < ¢(m — 1) and a,(m) = a(m —
7). Substituting this into the expressions above and reindexing the
summation gives

E<[ i Z,,]Z) =(n— 1A +2A’ "_12—1 d(m)*(n—m—1)
m=1

r=t+1

o, 2,2])

=(n—1A+2A" Y a(m)Vr(n—m—1).

m=]

or

Because n —m — 1 <n — 1 and because X, _, h(m)'/? <o when ¢(m)
is of size 2 or Z5 _, a(m)"?*+2m < oo when a(m) is of size (2 + 2n)/n, it

follows that
n 2
E([ > th] ) = (n— 1)A%,
t=1+1

where either A* = A’ + 2A’ 25 _, d(m)'/2 or A*=A"+2A" Z} _,
a(m)yne+am,

The results for stationary mixing sequences follow as corollaries to
the results for general mixing sequences, so we state only the results for
general mixing sequences.
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THEOREM 6.20: Suppose

(@)
(i)

(iii)

(iv)

y=

Xp,t e

((Z,,X,,€,)’} is a mixing sequence with either ¢p(m) of size 2 or
a(m) of size 2(r +6)/(r+6— 1), r> 1;

(@)
(b)

()

(a)

)]
(©)

E(Zie,) = 0;

E|Z, €%+t <A<xforsomed>0,h=1,...,p,
i=1,...,/lLandallr

vV, = Var(n—l/Z Zarn  Zie), V,=V,,, and there exists

V finite and nonsingular such that V,, — V —0asn —
uniformly in a;

E|Z; Xl %9 < A< o for some §> 0 and all h=
,...,pi=1,...,Lj=1 ... ,kandt

Q, = E(Z’'X/n) has uniformly full column rank;
P,—-P, £ 0, where {P,) is O(1) and uniformly positive
definite.

DeﬁneV as above. Ifl—*ooasn—'oosuch that / = o(n'3), then V,, —
—'OandV‘ —-v-t2.

Proof- First we show that V - V £ 0 and then invoke Lemma
6.17 to show that V —V —0, so that V v>0 by Exercise 2.35.

By definition,

V,—V,=n" 2 Zie€Z,— E(Zle€|Z,)

+n! 2 2 {Ztetel Z E(Ztetel T 1—1)

=1 =1+1

+27; € €Z —EZ]_.€_¢L1)).

The first term, n~! 3%, Z/€,€.Z, — E(Z€,€,Z,), converges to zero in
probability by an argument 1dent1ca1 to that of Theorem 6.3, except
that Corollary 3.48 is applied instead of the ergodic theorem 3.34. We
note that because 2 > r/(2r — 1) for all r = 1, it follows that ¢p(m) is of
size r/(2r — 1) if (m) is of size 2 and because 2(r + 8)/(r + 6 — 1) >
r/(r — 1) forall r > 1, it follows that a(m) is of size r/(r — 1) if a(m) is of
size 2(r + 8)/(r+J— 1).
The desired result then follows if we can show that

n-

! n

'S Y Ziee, . Z,_.— EZee,_Z, ) >0

=1 t=1+1
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Again we consider only the case where p— 1, and ignore the 4
subscrlpt in what follows. Because €, = X,B,, it follows that, with
=1,

i n
n_l 2 2 eIet ‘rZ Zl T E(G,G, T ,Zl 1')

=1 t=1+1
!

=p-! 2 2 €€_.2.7,_.— Ee€,_. 77, )

=1 t=1+1

) n

—-n! 2 E (ﬁn B.) Xl€e_.Z
=1 t=1+1
) n

—n"! E 2 (ﬁn ﬂo) Xl € ,Zl—r
=1 t=t+1
l n ~

Y S (B B XX (B, — BIZIZ,.

=1 t=1+1

We show that each term on the right above converges to zero in
probability by making repeated use of Lemma 6.19.

Consider the first term and set Z,= e€¢€,_,Z/Z,_,—
E(ee, 7,7, ). Letting X, correspond to (Z,,€,) it is straightforward
to verify that the conditions of Lemma 6.19 hold, where n =1+ 6 —

1. Hence
{ n ! n
P[ Yy Ny Z, ZE]SP[E nt Y Z, Ze]
=1 (=1+1 =1 t=1+1

n

'y Z,

t=1+1

= e/l]

by the implication rule (Proposition 2.26). By Chebyshev’s inequal-

ity, we have
n 2
= 6/1] = E([ > Z,,:l >12/62n2
=1+1

g

From Lemma 6.19, E([Z- .+, Z,.)?) = (n — T)A* < nA*, so

d

n

'y Z,

t=1+1

n

nt Y Z,

t=t+1

= e/l] = A¥?%/€n,
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which implies

) n
P[ nmty Nz, 26] < A*PJen.
=1 t=1+1

Since [ = o(n'/3), it follows that A/3/e2n — 0, which implies that

| n
— p
n! E E €€ .27, . — Eee_.Z]Z_.)—0,
=1 t=1+1
since € is arbitrary.
Next consider

) n
2 2 B Xi€_.ZZ_..
=1 r=1+1

This can be written as the sum of k matrices. The /,jth element of the
Kthterm (k= 1, . . . , k) in this sum can be written as

) n

(ﬁmc_ﬂox)n_l 2 2 XIKZliZl—‘tjEI—T

=1 t=1+1
)

= (ﬁmc _ﬂox)n_l 2 2 leZtiZt—‘tjel—I

=1 t=71+1
- E(xtleizt—‘tjel—t)

] n
+ (ﬁmf _ﬂox)n—_l 2 2 E(XIKZliZl—‘tjel—‘t)‘
=1 t=1+1
By argument analogous to that above, it follows from Lemma 6.19
that

) n
n Y S XaZiZi g€~ EXaZiZy- g€ ) > 0,
=1 t=1+1
setting Z,, =X, Z,Z, ;€ .— E(X,.Z,Z, € _.) and letting O,
correspond to (Z,, X,, €,). Since (B, — B.,.) — 0 under the conditions
of the theorem, it follows from Exercise 2.35(ii) that

! n
B =B S S X, Z,Z,_y€_. 50

=1 t=1+1
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provided that

~ { n
B =Bt S S E(XyZyZ,— €)= 0.

=1 t=1+1
Multiplying and dividing by #n'/? gives

| n

B— B S S EX,Z,Z, €, )

=1 (=1+1

] n
= nl/z(ﬂmc _ﬂox)n—3/2 2 2 E(XIKZIiZI—TjG'-T)'

=1 t=1t+1

Now the triangle inequality implies

1 n
n2 S S E(XpZiZieg€ims)

=1 t=1+1

) n
< p3 E E |E(X1KZN‘Z1—1j€t—1)|'

=1 r1=1+1

Given (iii.b) and (iv.b), Jensen’s inequality and the Cauchy - Schwartz
inequality ensure that there exists A’<o such that
|E(X,Z,Z,_;€,_.)] <A’. Hence

! n
n=3? 2 2 E(thztizt—rjet—T) < [A'n~2

=1 t=1+1

Since / = o(n'/3), the term above iso(1). Since (B, — B..)is o,(1),
it follows from Exercise 2.35(iii) that

I n
B —Bon™' S Y E(X,Z,Z,—y€-) > 0;

=1 t=1+1

so that

1 n
'Y S (BB Xie ZiZ, >0
=1 t=1+1
by Exercise 2.35(ii).
Now consider
1

> i B, —BY XX B, — BILIZ,_..

=1 t=1+1
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This can be written as the sum of k* matrices where the i,jth element of
the k, Aterm (k,A=1, . . . , k) has the form

~ ~ l n
(ﬂmc - ﬁox)(ﬂnl - ﬂol)n—l 2 2 Xlxxl—tlZIiZl—rj'

=1 t=1+1
Argument analogous to that above shows that
{

(ﬁm( - ﬁox)n_l 2 E Xlxxt—r).ZtiZI—tj - 0

=1 t=1+1

and since §, > B,,

- ~ { n p
(pnx - ﬂox)(ﬂn). - ﬂo)n_l 2 2 xlxxl—-r).ZliZt—rj —0

=] t=1+1
by Exercise 2.35(ii). It follows that

! n o ~
Yy (B B XX (B — BILZ,_,
=1 (=71+1
by Exercise 2.35(ii). Exercise 2.35(ii) now implies that V,, — V,, 20.
_ By Lemma 6.17, V, — V — 0 under the cogditions given, so that
V.- V250 by Exercise 2.35(i), and V;!'—V-'20 from
Proposition 2.27.

This result says that V,, is consistent for V as long as / grows with n,
but more slowly than n'3, Beyond this, the present result offers little
guidance as to how to choose /, and the question of what the optimal
growth rate for / might be is an interesting open question. White and
Domowitz [ 1984] discuss an heuristically appealing way of choosing /;
however, there is no evidence as yet to demonstrate that any way of
choosing / yields an estimator of V which is a useful approximation in
samples of the size typically available to economists. The present
result is a “possibility theorem,” since it shows that V can be consis-
tently estimated with very little structure imposed on the covariance
structure of the regressors and errors. The practical usefulness of these
results in applications has yet to be demonstrated.

CoroLLARY 6.21: Suppose the conditions of Theorem 6.20 hold.
Then D;; '2Vn(B, — B,) & N(0, I), where

D, =(Q;P.Q,)'Q;P,VP,Q,(Q,P,Q,)"".
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Further, D, — D, £ 0, where
D, =(X'ZP, 2’ X/n?y (X' Z/m)P,V B2’ Z/n) (X' ZP,Z’ X /2.

Proof: Immediate from Theorem 5.22 (set r’=r+J) and
Theorem 6.20.

This result is extremely general because it contains versions of all
preceding asymptotic normality results as special cases while making
very minimal assumptions on the error covariance structure.

Finally, we state the general result for the 2SIV estimator.

COROLLARY 6.22: Suppose

) y=XB,t+¢€
() {(Z,,X,,€,)’ }isamixing sequence with either ¢(m) of size 2 or
a(m) of size 2(r+ 0)/(r+d— 1), r> 1;

(i) (@) E(Zie)=0;

(b) E|Z,€,)*" D <A< for some 6> 0 and all A=
I,...,pi=1,...,Land¢

(c) V,,=var(n~'\23etr  Z7'¢), V,=V,, and there
existsV finite and positive definite such that vV, — V— 0
as n — o, uniformly in a;

(iv) (@) E|Z; X%+ <A< and E|Z,, |2+ <A< for
somed>0andallhi=1,...,p i=1,...,[ and
j=1,... ,kfort

(b) Q, = E(Z’X/n) has uniformly full column rank;
(¢) L,= E(Z’Z/n)is uniformly positive definite.

Define

<
X

n
=n"' Y Zee€Z,
=1

il n
+n' Y > Zie€ Z, .t Z_ € €L,

=1 t=1+1

where €, =y, — X,8,, B, = (X' Z(Z' Z)"'Z’ X)~'X" Z(Z'Z)"'Z"y, and
define

B¥=(X"ZV;'Z' X)X ZV;'Zy.

If/ — o as n — o such that = o(n'?2), then D; 2Vn(B* — B.) A N,
I), where

D,=(Q,V,'Q)".
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Further, ﬁ,, -D, 2 0, where
D,=(X'ZV;'Z' X/nd)".

Proof: Conditions (i)-(iv) ensure that Theorem 6.20 holds for ﬁ,,.
Set P, = V;!'in Corollary 6.21. Then P = V~!and the result follows.
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CHAPTER VI

Efficient Estimation with Estimated Error
Covariance Matrices

In Chapter IV we saw that if C, or the error covariance matrix , =
C,C. is known, then efficient instrumental variables estimators analo-
gous to GLS may be available. In most practical circumstances, £, is
unknown so the results of Theorem 4.57 are not immediately avail-
able. However, it is often assumed that the form of Q,, is known up to
a finite number of unknown parameters. Typically, sufficient infor-
mation is available to estimate these parameters consistently, and
estimators analogous to the GLS estimator can be formed by replacing
Q, with an estimator, say, Q,. The purpose of this chapter is to
examine some important special cases in which an asymptotically
efficient estimator can be obtained by replacing Q, by ,.. Because
the cases we consider are covered by Theorem 4.58, we do not need to
know C,. A general treatment in which the elements of C, or Q,, can
be arbitrary known parametric functions of the data is beyond the
scope of this book.

Because results for OLS estimators follow as special cases from
results for IV estimators, we consider only the latter. Results for
independent observations will follow as corollaries to results for mar-
tingale difference sequences, and results for stationary processes will
follow as corollaries to results for mixing processes. We treat only the
mixing processes for economy of exposition and also because these
allow inclusion of fixed (nonstochastic) instrumental variables and
regressors whereas the stationarity assumption rules these out.

162
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VII.1 General Results

The estimators which are the focus of this chapter are the estimators
B =(X'Z(Z' 2y X)X Z(Z' Ly 'Ly,

where X = C;'X and y = C;'§, as in Section 3 of Chapter IV. To
obtain easily stated results, we shall assume that the instrumental
variables aregivenby Z =C;, 1Z for suitable choice of Z. For the cases
we consider, this entails no real loss of generality. Thus we can write

pr=X'Q UL Q22 QX XQPHZ Q2 2 QY
We are concerned with the properties of the EGIV (estimated GIV)
estimator

Br =X QUL Q2L O R X Q UL Q22 0.

The fundamental result from which subsequent results follow is a
simple extension of a result given by Theil [1971, p. 399].

THEOREM 7.1: Suppose that the conditions of Theorem 4.57 hold
with Z = C,Z. If there exists , such that

Q) Z/Q;—Q;e/Nn >0
) Z2/Q; — fz-')X/n 2 0; and
(i) Z/Q;'—QNZ/m >0,

then vn(B8* — f*) > 0. Further, D, — D, = 0, where
D, = X'Q ZL(Z Q' Zny 2 QX ),
and the conclusions of Theorem 4.57 hold for B*.

Proof: The result follows immediately from Lemma 4.29, where b,
contains the elements of Z'Q;'€/Vn, Z'Q;'X/n and Z'Q;'Z /n and
a, contains the elements of Z’ Q te/Nn, 7 ﬁ 1X/n and Z Q“Z/n

We consider three special cases. The first case is that of contempo-
raneously correlated errors and we obtain results for the standard 3SLS
estimator as well as a useful estimator for panel data. In the second
case, we consider a form of heteroskedasticity in which E(€,€!) can
take on a finite number of different values. In the third case, we
consider serial correlation arising from a finite order vector autore-
gressive structure for the error terms.
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VII.2 Case 1: Contemporaneous
Covarniance

For simplicity, we assume that the instrumental variable candidates
are identical for all equations. Accordingly, let (W,} be the sequence
of instrumental variable candidates, so E(e|W,)=0. Because ¢,
exhibits no heteroskedasticity or serial correlation, we have

EeeW)=L (=1,...,n
Eee|W, W)=0, t#1=1,...,n
Contemporaneous correlation is induced by a transformation
€, = c¢,

where ¢ is a constant p X p matrix such that cc’ = X. In this case we
have E(e,|W,) = 0 because

E(e|W,) = E(ce|W,) = cE(€,|W,) =

This implies that o(W,) C a(W ), where a(W ) is the o-field generated
by row vectors {W,} such that E(e |W,) 0, =1, ., n. But
because ¢ is nonsingular,

E(e|W,) = E(c™'€|W,) = ¢ 'E(e/W,) =0,

SO a(V~V,) C g(W,). It follows that a(V~V,) = g(W,), that is, precisely
the same instrumental variables are available for the nonspherical
model as for the spherical model.

Further, contemporaneous correlation only is induced because

E(€,€)|W,) = E(ce,€lc’|W,)
=cE(e€|W,)c'=cc’'=3%
and
E(€,€W,, W,) = E(c€,€.c’'|W,, W,)
= cE(e,€;|W,, W )e' =0.

In thiscase C, =1, ® cand Q, = C,C,= (I, ® ¢)I, ® ¢’) =
[,®cc/'=1Q 3.

Observe that in this case the instrumental variables candidates for
the nonspherical model do not depend on the form of ¢. For this
reason, a knowledge of 3, is all that is needed to construct the efficient
estimator. .

Generally, however, X is unknown, so we must estimate it. If ¢,
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were observable, a natural estimator would be
~ n ~ A~
3, =n""Y €€
=1
Of course, e, is not observable, but it can be consistently estimated
by e, = §,— X,B, for some IV estimator §,. Replacing e, with e,
gives the estimator
A~ n -~ o~
3,=n""Y €e;.
=1
The next result specifies general conditions under which 3, is strongly
consistent for 2.

PROPOSITION 7.2: Suppose that the conditions of Exercise 3.80 are
satisfied for the model § = X8, + €, instrumental _variables Z and
norming matrix P, and suppose in addition that E|€,,)27+9 < A < ®

and E|X,, |2(’+")<A<°°forsome(5>0andallh—1 C LD =
1,...,kandt. If
E€€)=3, t=1,...,n,

then 3, 2%~ 3, where
S,=n" D €€
=]
ande, =y, — X8, B.=X'ZP,Z X)X’ 2B, Z5.
Proof: A typlcal element of 2,, is given by ! 38, é,,,é,g. Now
n—l E ethglg = n_l E (;lh - ilh(ﬁ‘n - ﬁo))(zlg - i1g(ﬁ’n - ﬂo))’
=1 =1

n
~

~ n ~ ~
=n"'Y €€, — 1" 21 € X B, — B.)
'=

=1

—n 2 (B, — B X €, + 1! i B, — B X, X (B, — B.)

=1 =1

=n"! 2 El’lglg - (n_l 2 Elgilh) (ﬁn - ﬂo)

=1 =1

- (ﬁn - ﬂo),n_l i i;ggth

=1

By (0 3 ik ) B 8

=]
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We can apply Proposition 2.16 to this expression, so we consider each
component in turn.

By assumption (ii) of Exercise 3.80 and Theorem 3.49, e,,,e,g is a
mixing sequence with (b(m) of size r/(2r — 1) or a(m) of size r/(r — 1),
r>1. By assumptlon E(e,,,e,g) Thg» where 2 = [0,,]. Because
E|€,27*9 is uniformly bounded, it follows from the Cauchy-
Schwartz inequality that E|€,, e,gl"”’ is uniformly bounded, so that the
conditions of Corollary 3.48 are satisfied and

n
- ~o~ a.s.
Y €4€p = O
=1

An identical argument establishes that

'ty i;gé,,, is O,,(1) and

n~! 2 Xl’hilg is Oa.s.(l)-

Because §, — B, =~ 0 under the conditions of Exercise 3.80, it fol-
lows from Proposition 2.16 that

n
n'Y €n€g— 0, —0—0+0=0,,.

=1
Hence, 3, = 3.

Note that I is consistently estimated using any choice of Z and P,
that satisfy the conditions of Exercise 3.80. It is not essential to choose
7Z = C,Z. Having a consistent estimator 3, available for 3 lets us
estimate Q, by

Q=103
With this choice for ﬁ,,, we have the following result.
THEOREM 7.3: Suppose that
() y=XB te

and suppose there exists a unique o-field generated by row vectors
{W,} such that

E(€|W,)=0 and
Ee|9)+#0 forall ¢,D00(W,), t=1,...,n;
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E€eW)=Lt=1,...,n;
Eee W, W)=0,t*1=1,...,n
and define instrumental variables Z satisfying
EX|\W)=Z]Il,,t=1,...,n

where I, is an / X k matrix of full column rank containing no zero
rows.

Let ¢ be any finite nonsingular nonstochastic p X p matrix such that
cc’ = 3. Define

Yi=cy, X,=cX,, €=ce,

and let Z, = cZ,.
In addition, suppose that

(ii) {(Z,, 5(,, E,)’} is a mixing sequence with either ¢(m) of size
r/(2r—1), r =1 or a(m) of size r/(r — 1), r > 1;

(iii) (a) for all 1, E(Z,,€,F,~) = O, where {%,} is adapted
to{Z€n), 8 h=1,...,pi= l,...,l,

(b) forsomed>O0andallg, h=1,...,pi=1...,]
and ¢, E|Z,;€,/2+9) <A <o and Eje2r+9) < A <

() V, —var(n“”Z’e)—var(n“/zl Q'e)is unlformlypos-
itive definite;

(iv) @) E|Z,2*9 <A <oand E|X,,|20*9 < A < o for some
6>0 and all A=1,..., pi=1,..., I j=
l,...,kandt

) Q,=E(Z’X/n) and Q,= E(Z'X/n) = E(Z'Q;'X/n)
have uniformly full column rank;
(c) L E(Z’Z/n) is uniformly positive definite.

Define
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and define

~

B = (XQLZ Q2 L QX)X QU Z 0 2) 2 ;1

and

b

Br=X"Z(Z Z2)"'"Z' X)X ' Z(Z'Z)'Z"y.

Then Vn(f* — % > 0, D;2n~2(B* — B.) * N(O, 1), where D, =
QnV:'Q), and the conclusions of Theorem 4.57 hold for
B*. Further, D, — D, > 0, where

D, =X Q' 2Z' Q' Z2) 2 Q; KX n) .

Proof: We verify the conditions of Theorem 7.1. First consider
7/(Q' — Q:)e/Nn. WhenQ,=1®3and Q,=1® 3, we have

nRZAQ — Qe = Y 2y s - 3508,
=1
Let 27! =[g#"] and ﬁ;' =[6¢"]. The ith element of n~'2Z’
(Q;' — ;"Y€ can then be written as

n-'2 i i i Ztgi(o'gh - 65")201

=1 g=1 h=

= f; hi (o8 — 6872 2 Z €
g=1 h=1

=1

We show that this converges in probability to zero by applying the
result of Exercise 2.35(c) for products to each term in the double
summation over g and 4 and then use the addition rule of Exercise
2.35(b).

First, we note that the conditions of Exercise 3.80 are satisfied for
B, (choosing B, =1,") so that 3,— 3250 by Proposmon 7.2.
Hence, 2 2—*0 by Theorem 224 so that 71 — 21 %0 by

Proposition 2.27, that is, %" — ag" =0,gh=1,...,p.
Next consider n~'/2 2, Z,g,e,,, Given (m a) {Z,g,e,,,, 3.} is
a martingale difference sequence, so var(n~'/2 Zn_, Z,g,e,,,) 13,

E(Z,g,g,,,) By Chebyshev’s inequality,

p[ = A] < var (n“/2 D Ztgiglh) /A2

=1

n
NS 7 i€

=1

= n_l 2 E(Ztglegh)/Az

=1
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It follows from (iii.b) and Jensen’s inequality that there exists A’ <
such that

_l 2 E(Ztglelzh) < A,

t=1

so that
n ~ ~
n'2 2 Zlgielh

=1

P[ > A] < A'/A2.
Because A can be chosen arbitrarily, it follows from Definition 2.33
that n'2 31, Z,.€,, is O, (1).
Exercise 2.35(c) then guarantees that (o8 — §#")n~\2 Tr_, Z,g,e,,, is
0,(1), so that

pP P LIPS
> 3 (0 =68 3 Ly 0

g=1 h=1 =1
by Exercise 2.35(b). Hence, n“”Z’(Q‘ Qe 0.
Next consider Z'(Q;'—Q;")X/n. When Q,=1®3Z and

Q, =183, we have
2@ — Ok =nt 3 25 - K,
=1

The i, jth element of this matrix can be written as

p ~
- S Z,08" — 68X,y

h=1

M:
M~

n

=
[}

~

-4

n
(o.gh - 6§h )n—l 2 Zlgzxth/

1 =1

Il
M=
M-~

1h

As before, &% — 3¢ 5 0. Further, given (ii) and (iv.a) it follows from
Corollary 3.48 that

n! 2 Zzgiizhj - E(n—l 2 Ztgiilhj) =0,
=1

and because E(n! =, Z,g,X,,,jz is O(1) by (iv.a) and Jensen’s in-
equality, it follows that n™! 2., Z,,,X,,,;is O,(1). As before, it follows
from Exercise 2.35 that

i i (08" — 68" )n™! i Zlgiilhj - 0,

2=1 h=1 i=1

so that Z/(Q;' — Q;1)X/n 20.

oy
]
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The proof that Z/(Q;' — Q! )Z/n £0is exactly parallel to the
proof just given, except that Z,,u replaces X,,,, and the Cauchy-
Schwartz inequality ensures that E |Z,g,Z,,,,| r+d < A, given (iva).

The desired result follows, provided that the conditions of Exercise
4.26 hold for Z, X, and e. For this, it suffices to show that the
conditions of Exercise 5.27 hold for Z, = ¢ 1Z.,X,=c'X,,and e, =

¢~'¢,. Thisistedious but stralghtforward and the detalls are left to the
reader.

To ensure the greatest comparability of results, the sufficient condi-
tions are stated in terms of the nonspherical model rather than the
spherical model, with the exception of condition (i). There we could
equally well have specified that the model is

y=XB, +¢
where
EE€/W,)=0
and
E€€|W)=2%, t=1,...,n
E(€e W, W,)=0, t#1=1,...,n

for suitable instrumental variable candidates \7V,, and 3, nonsingular.
Then (i) follows for any nonsingular transformation ¢ such that
cc’ =3. We state (i) in terms of the spherical model so that the
optimal instrumental variables are easily characterized.

Comparing the conditions of the present result with the analogous
result of Exercise 6.8, we find two noticeable differences. The first is
that, unlike assumption (iii) of Exercise 6.8, assumption (iii) of
Theorem 7.2 imposes conditions on the relationship between the
errors of equation 4 and the instrumental variables for equation g. Of
course, this leads to no loss of generality in the present context, because
we have assumed the same instrumental variable candidates are avail-
able for each equation. A second difference is that in (iv.a),
E |Z,,,,X,,,j|2(’+ ® is no longer restricted but only E|Z, 2"+ and
E|X,,;|2¢*9.  The former restriction was needed in estimating the
robust covariance matrix of Chapter VI, but is not needed here. The
latter restriction helps ensure that £, is consistent for 3.

To keep the statement of this result relatively simple, we assumed
that Z = C,Z was used to construct B.. However, it iseasily seen from
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the proof that any choice of Y/ satisfying assumptions (ii), (iii-a,b),
and (iv) will suffice in constructing ﬁ The choice Z = C,Z is crucial
only in constructing B*.

Theorem 7.3 contains results for a variety of useful estimators, in
particular, general asymptotic normality results for Zellner’s [1962]
seemingly unrelated regressions estimator (SURE) (set Z = X) as well
as the three-stage least squares (3SLS) estimator (Zellner and Theil
[1962]). The present result allows for the presence of both lagged
dependent variables and nonstochastic variables in both the explana-
tory and instrumental variables.

At the same time, the theorem also contains results for panel data
sets in which one has a cross section of individuals and each individual
occurs p times. In such cases, the matrix 2 often is assumed to have a
more specific form as a result of an assumed variance components
structure, that is, €,, = ,, + v,, where v, is an individual specific effect
uncorrelated with 5, and the specific effects for other individuals. Itis
typically assumed that E(n3,) = 03, E(v?) = 0}, E(n,v,) = 0, forall t
and ¢, h=1, ..., p, EMun,)=0, t * 7, for all 4 and g, and
E(wy,)=0,t # 1. This implies that

E(e}) =0} + a3
E(€x€,)=0
so that
2=0l+oul,

where ¢ is the p X | vector ¢’ =(1, 1, , 1)

When such a structure has been assumed estimators besides 2 =

-1 2,=|Ae €, are available, and if such an estimator is consistent, it can
replace 3, in the preceding result without affecting the validity of the
conclusion. However, such estimators have no advantage asymptoti-
cally over X,, and because they impose additional restrictions that
could be incorrect (e.g., 1, might have E(n,.n,,) + 0), they can fail to
be consistent for 3, which leads to an inefficient estimator.

VIL.3 Case 2: Heteroskedasticity

Often it may be unrealistic to assume that 2 is identical forall z. A
somewhat more general assumption is that there is a finite number,
say, G, of different groups, and that the variance within each group is
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constant, say, 2,, y=1, . . . , G. For example, in time-series, the
errors may have different covariance matrices depending on whether
the Democrats or the Republicans are in office, or whether the Federal
Reserve is headed by a Keynesian or a monetarist. In panels, individ-
ual error covariance matrices may differ according to observable
demographic characteristics (region, union membership, race, etc.).
In either case, the heterogeneity can be viewed as arising from a
transformation of an underlying spherical model such as

€ =(cd;, tcody + - -+ +cgdg e,

where d, is one if observation ¢ falls in group y and is zero otherwise,
andc,,y=1, . . . ,G are unknown finite nonsingular nonstochastic
p X p matrices. Ifd;=(d,,,d,, . . ., dg) is included among the
instrumental variable candidates W,, then

E(eW,) = E( [ i cydy.] e,|w,)

y=1

= [i c,dy,] E(e|W,)=0

so a(W,)C o(W,), where o(W,) is generated by {W,) such that

E(e,|W,)=0. Becausethee¢,,y=1, ..., G, are nonsingular, and
because [2{_, ¢,d,,]7! = [E,_, c,”'d, ], we have

~ G ~ A~

E(e|W,) = E([ 2 c;ldyx] €r|wt)
y=1
G ~ ~
= [E cr_ldw] E(ellwt) =0
y=1

SO a(W,) C o(W,). Hence, G(V~V,) = g(W,), that is, the same instru-
mental variables are available for both the spherical and the nonspher-
ical model, provided thatd; isincluded in W,. Note that in the second
equality above use is made of the fact that d,, is measurable with
respect to a(W ) because d; is in o(W,) and o(W,) C a(W,)

The covariance structure of € €, is given by

E(€€IW)=3d,+ - - - +25dg,
and
EE€EIW,W,)=0,1+ 1,
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where 2, =c,¢;, =1, . . . ,G. Asin the previous case, the instru-
mental variable candidates do not depend on the form of ¢, and
Theorem 4.58 applies, so a knowledge of 2., will suffice for constructing
the efficient estimator.

When 2, is unknown we can proceed by finding a consistent estima-
tor. A natural way to construct an estimator for 2 is to average € e,
over only the observations in group p, that is, those observations for
which d,, = 1, which gives

A n Ao
2,,,=n;'§;d,,e,e,’, y=1,...,G,
=

where €, = §, — X 8, and n,= Z_, d,, is the number of observations
falling in group y. Note that if the data have not been sampled in such
a way as to ensure that a fixed number of observations belong to group
7, then n, must be treated as a random variable, and it is helpful to
write %, as

n -1 n
=<n" zdg,) n' Y de€e,y=1,...,G,
1=l =1

where we use the fact that d,,= d%. In this form, %, can be
interpreted as the OLS regression of €,€; on d,,.

Given appropriate regularity conditions, it is straightforward
to show that 3., is consistent for %,, as the following exercise asks you
to verify.

EXERCISE 7.4: Prove the following result. Define i,,, as above, and

letﬁ,,—pq?o. Suppose that fory=1, . . . , G,
(i) n,/n — E(n,/n) £ 0 and for all n sufficiently large
E(ny/n)>5>0
(11) - 21-1 d ,€g€, E(d}'letel) 0,
(iii) (n“ 2n, 4, X €8} is OL1) for g, h=1, ..., p, i=
L, ...,k .
(lV) {n_l E;l-l dytxlgixthj} is Op(l) for 8 h= 1’ « e D i’ .]=
L, ...,k
Theniy,,—Ey—p'O,y=1, ..., G.

With this estimator for 2, available, a natural estimator for Q,, is
Qn = diag[@ll’ @22’ L ) d)nn]’
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where
@, = 2'lndlt + 2'anZt + -t andGu

that is, @, = i‘,},,, if observation ¢ belongs to group y.

This estimator is consistent and leads to efficient parameter esti-
mates under the conditions of the following result. Note, however,
that i~n ~obtaining this result, it must be assumed not just
that (Z €, §,) is a martingale difference sequence, but also that
{d,,Z,,€,, T} 1s a martingale difference sequence. This means that
the grouping does not occur in such a way as to affect the orthogonality
between the instrumental variables and errors for observations within
agiven group. The following result does not hold (and should not be
expected to hold) in situations in which E(Z,g,e,,,) depends on which
group the observation belongs to. Further, because

G
Ztgzelh E lglelh s

the assumption that {d,,Z,g, €, 3, 1s a martingale difference sequence
implies that {Z,g,e,,,, &,) is a martingale difference sequence.

THEOREM 7.5: Suppose
(i) y=XB te

and suppose there exists a unique o-field generated by row vectors
{W,} such that

E€|/W)=0 and

E€l8)+0 forall §,Da(W), t=1, ... ,n
E(ee/|W,)=1Lt=1,...,n
E(e,€ W, W)=0,t*1=1,...,n
and define instrumental variables Z satisfying
EX|W)=Z1I1,,t=1,....,n,

where I1, is an / X k matrix of full column rank containing no zero
rows.

Let W, include d; as defined above and letc,, y=1, . . ., G be
finite nonsingular nonstochastic p X p matrices such that c,¢; =2,
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G - G - G
y. = 21 dwcyyts X, = 2 dytcyxn €= E dytcyel,
y= =1 y=1
and let Z, = 26, d,¢0Z,.
In addition, suppose that
() {d,,Z,, )~(,, E,)’} is a mixing sequence with either ¢(m) of size
r/2r—1), r= 1, or am) of size r/(r — 1), r > 1;
(iii) (a) for all ¢ E(d,Z,,;€4|3,-,) = 0, where {F,} is adapted to

(dy,Z,g,-eml}, y=1,...,G g h=1,...,p i=

L, ...,

(b) E|Z,€)* " <A< and El€,2*9 <A< for
some d>0,and all g, h=1,...,pi=1,...,]|,
and ¢;

(c) V,=var(n~'2Z’€) = var(n~'?Z'Q;'€) is uniformly

pos~itive definite;
(iv) @) E|Z,2*® < A <wand E|X,,[2¢+9 < A < « for some

60>0,and all g, h=1,...,p, i=1,..., 1L j=
L. ,~k,~and t; .

®) Q,=EZ’X/n) and Q,= E(Z'X/n)= E(Z’'Q;'X/n)
have uniformly full column rank;

(¢) L,= E(Z’Z/n) is uniformly positive definite.

Define
$,=n' S d, &€, 7=1,...,G,
=]
where n, =3, d,,, €, =¥, — X8, and
B.=XRUZZIZ XX ZLZZZY.

Let
Q, = diaglw,,, @y, . . . , ®,,],
w,=3d,,+ - - - +35dg,
and define
Q, = diag[d,,, Bss, . . . , By
By =34+ 3pdy + - + 364, t=1, ... ,n,
so that

B = (X QUL Q2L O Xy X QL2 Q0 2y 2 0.
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Let
Byr=X'"ZZ ZY'"L' Xy X' Z(Z'Z)'Zy.

If E(n 1n)>6>0 for all n sufficiently large y=1, , G,
then s/_(ﬂ* B 20, D20 V2(B% — B.) ~ N, 1), where D,=
(Q¥V,'Q,)!, and the conclusions of Theorem 4.57 hold for
ﬁ;",. Further, D, — D, 0, where

D, = X'Q; L7 Q;'Z) 7 Q5K /ny.

Proof: First, we verify the conditions of Exercise 7.4 and then we
verify the conditions of Theorem 7.1.

Given (ii), {d,,} is a mixing sequence satisfying the conditions of
Corollary 3.48,y =1, , G. (Note that becaused,, =Oord,, = 1,
|d,["*°=1 and E|d ,|’+7< l for any r+a.) It follows that ny/n -
E(n,/ny=n"'2L,d,— Ed,) 20 by Corollary 3.48 and Theorem
2.24. E(n,/n)> 6> 0 for all n sufficiently large by assumption.

Given (ii), {dy,e,e,} is a mixing sequence. By the Cauchy-
Schwartz inequality, E Ie,,,e I'+é < (E|€, A2 NVAE € TN <A
by (iii.b). Then |dy,e,,,e | to=|d,|" +o\€m €, "0 <|€4€,""° be-
cause |d,,|= 1, so that E ldy,e,ge,,,l A It follows from Corollary
3.48 and Theorem 2.24 that

g Y ~ P
nty d,€€; — E(d,€€)—0
=]
Next, given (ii), {d,,f(,g,-g,,,} is a mixing sequence. By the Cauchy-
Schwartz inequality,

EX €4l 0 < (E|X 5 20+ A E€, 2 +9)2 < A,

glven (111 b) and (iv.a), and because |d,["*° =<1, it follows that
Epd, X,g,e,,,l 8 <A, It follows from Corollary 3.48 and Theorem
2.24 that

n! 2 dytilgizlh - E(dyxitgizth) - 0
=1
and from Jensen’s mequahty that |n7' 22, E(dy,X
hence {(n~' 21, d, X
1, .
Fmally, {n" 2 d X,g,X,,U} is O,(1) by argument identical to
that above with X,,,J replacmg €,. It follows from Exercise 3.80

lgleth)l < A < 0]
e,,,} is O 1) for g, h=1,...,pand i=

tgi
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that /? - B, choosmg P, =1, so the conditions of Exercise 7.4 hold
and 2 -3, 2.
We now verify the conditions of Theorem 7.1. Considering
72Q; - ‘)e/~/_ for the form of Q, and , considered here we
have

Q' - Q;YeNn=n"2 Y Ziw;' — 7)),
=1

Let ;'=[w§f] and &;'=[d%]. The ith element of
72/ Q' — Q:')e/Vn can be written as

n p p ~
n-12 2 2 2 Cl)f,h (Z)ﬁh)éﬂ,

=1 g=1h
n p b

RaPPE2 (2 (03" — 55 1dy,)e,h,
t=1 g=1 h=1 y=1

because w§ = =0, of'd,, and @% = =, 654d,,, with X! = [08*]
and 2 I =[62]. Interchangmg the order of summatlon we have
the ith element of 7/(Q;' — Q;")e/Vn given by

n 14 p ~
Yy E (@05 — OF)e,,

=1 g=1 h=1
G p p
=y§l 21 2 (08" — 6&84)n~ '/Ztgzld i€

The argument now pr roceeds identically to that of Theorem 7.3.
Because 2, — 2,20, it follows from Proposition 2.27 that g —

g"—>0 y=1, ., G, g h=1,..., p. The Chebyshev
mequahty applles to show that n~1/2 E;’,, d,Z,€,is Oy (1). Applica-
tion of Exercise 2.35(c) and (d) then yields that, element by element,

2@Q;' - Q;)eNn = 0.

Similar arguments estabhsh that Z/(Q;' — Q;)X/n =0 and that

72Q — 5“)Z/n — 0.

It remains to verify that the conditions of Exercise 4.26 hold under
the assumptions given. For this, it suffices to show that the conditions
of Exercise 5.27 hold for Z,, X,, and €,. This is tedious but straight-
forward to show, and the details are left to the reader. Care must be
taken to treat w, as a random variable, as the definition of @, implies.
For example, the elements of 7'Q ‘e/\/_ Z’€/Vn have the form
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n G p »p ~ ~
n2y (2 > a’;”'dy,Z,g,-e,,,>.
t=1 \y=1 g=1 h=1
As before, the choice Z = C,Z is not critical for constructing B, but
only for constructing g*.

This result is similar to a result for nonlinear models with a finite
number of different error variances given by White [1980]. Although
the present result applies only to linear rather than nonlinear models,
it applies to systems of simultaneous equations and panels rather than
only single reduced form equations and allows dependent observa-
tions (e.g., lagged dependent variables) instead of only independent
observations.

VII.4 Case 3: Serial Correlation

In this section we consider finding the efficient estimator when the
error covariance matrix has the structure which arises when the non-
spherical error term is generated by a finite order vector autoregressive
model of the form

21 = Rlzt—l + Rzgx—z R ngl—m +1,

whereR,, 7= 1, . . . , mare p X p matrices of unknown coefficients
and 7, is a p X 1 disturbance vector with E(n,) =0, E(nn;) = 2, and
other properties to be precisely specified below. The number of lags m
is assumed to be known.

The covariance matrix £, which arises in this case has an extremely
complicated and rather uninsightful form, so we omit writing it
down. Although it is in principle possible to obtain a consistent
estimator for , and proceed by analogy to the cases just given, such
an approach is extremely tedious.

Instead, we consider finding an estimator for §, using the “pseudo-
differenced” version of the original model

g’t - Rlyl—l -ttt = Rmyl—m
= ilﬁo - Rlit—lﬂo - = Rmil—mﬂo
+E,“R|E,_|—"‘—Rmzl_m,[=m+l,...,n

or
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YVo-R¥— - —R, ¥
= (ix" Rlit—l - Rmit—m)ﬂo
+n,t=m+1, ... ,n
If R,, . . ., R,, were known, the results of Section 2 would apply

immediately, provided that the explanatory variables, errors, and
instrumental variables satisfy the appropriate conditions.

Because R,, . . . , R, are unknown, they must be estimated, so we
take the lagged §’s to the right-hand side of the equation and consider
estimating the parameters of the equation

¥=Ry_+ - - +R,§._,
+itﬂo—R1il—lﬂo_ v _Rmit—mﬂo
+n,t=m+1, ..., ,n

This model resembles models previously considered, but differs in
form, because the parametersR;, . . . , R, appear as premultiplying
the explanatory variables rather than postmultiplying them.

This difference is purely formal, however, because we can algebrai-
cally manipulate this equation into an equivalent version in the
familiar form by using the vec operator. If A is an n X k matrix with

columns A, A,, . . ., A, then vec A is the nk X 1 column vector
such that
™
A,
vecA=|
A,

It is straightforward to show that for conformable matrices A, Band C,
vec(ABC) = (C’ ® A) vec B.
Now consider

m
Ry + -+ +R,¥,_,=vec Y ¥ _.R;=vecyR’,

=]

where ¥, = (¥,_,, . . . ,¥._.)isa l X pm vector and R is the p X pm
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matrix defined as
R=[R,,R,, ... ,R,]
Hence
Ry, + - - +R,¥_,=vec§R =vecyR'I,=(I,®§,)vec R".

Letting Y, = (I, ® §,), a p X pm matrix, and p, = vec R’, a p>m X |
vector, we have

Ry + - +RmY:m=?/’
Next, consider rewriting R X,_.8.+ - R, X,_,.B,. Denoting
the ith column of X,_, by X,_..,i=1,. L k, then the ith column

of RX,_,+ -+ +R X,,,,lsglvenby
le(,_,,»+ st +R,,,)~(,_,,,,-=vec xR,
where X,; = ()N(,’_l,., ... X/_mi), a 1 X pm vector, so that we have
vec X,R" = (I,, ® %,;)vec R’ =X,.p,,
where 5(,,— =(I®X,), ap X p?m matrix. Hence
RX_, +RX, .+ +R,X_,.=[X000 Xi2P0s - - - » Xupo)
=X(L®p,),

where X, is the p X p2mk matrix.

X, =X, Xps - - -, Xyl
This allows us to write

RX, B+ - +R, X8 =X (L ®p)S,,
so that our model now becomes
Yoo, +XB,+Xy,+n, t=m+1,...,n

where y, = — (I ® po)ﬂo'

This model is in precisely the form considered in Section 2, except
that nonlinear constraints are imposed on the parameters by the
relationship y,=—(I, ® p,)B,- In Chapter IV, we saw that the
efficient estimator that imposes these constraints can be determined by
obtaining the efficient unconstrained estimator and then subtracting a
correction factor that imposes the constraints. To obtain the efficient
unconstrained estimator, we use the results of Theorem 7.3 for the
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three-stage least squares estimator with optimal instrumental vari-
ables.

One detail remains to be taken care of before we can proceed. This
arises from the fact that if X contains any lagged values of either
dependent or explanatory vanables then Y, or X, may contain these
variables also, leading to redundancies in the explanatory variables of
the model

y.= ?tpo + ilﬂo + ityo +n,.
For example, suppose the original model is
§o=F0o+ W, €,
sothat X, = §,_,, W,), ﬂo (a,, W,) and €, is a scalar such that
= €10+ 1.
The pseudo differenced model is
Vo= FemiPo + Vimie + Wity — §12000t,
- Wt—lpoWo +n,.
In this example, Y,=¥,,, X,=@F—, W,_,) and y,=(—a,p,,
—y,p,). Note, however, that both Y, and X, contain ¥,_,, which
is a redundancy. The obvious solution is to collect terms, so that
the model is written without redundancies as
¥ =Vi-ila, +p,) + lelo = V2P0
- W!—IPOWO + V,.
Now observe that the constraints among the parameters of this model
are no longer given by y, = —p,f,. If we write the model as
o=¥-a+Whb+§ _,c+W,_d+v,

we can find &, and p, as the solutions to the equations a = a, + p,,
¢ = —p,a,, which implies in particular that p, is the solution to the
quadratic equation p?2—ap,—c=0. Denote the appropriate
solution as p.(a, ¢). Then the constraints can be expressed as

d = p,(a, c)b.
In general, whenever redundancies arise in the model
Yo =Y.p, + X8, + X3, + 1,
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we can eliminate them by collecting terms. Once this has been done,
we can write the model compactly as

¥.=X,0,+n,

where X, contains the nonredundant columns of Y, )~( ,andX,,and d,
isa parameter vector that satisfies restrictions s(d )=0. For example
when X contains no lagged variables, we have X, = (Y,, X,, X ), 00=
(po’ ﬂm yo) and S(a ) =% + (Ik ®po)ﬂo

The estimation problem now amounts to eﬂiciently estimating the
parameters of a linear model with contemporaneous covariance in 7,
and nonlinear constraints on the parameters. This can be accom-
plished by the following three-step procedure.

First obtain consistent estimates of d,, for example, by 2SLS using
appropriate instrumental variables Z,. Letting X be the matrix with
rth block X, and letting Z be the matrix with rth block Z,, the 2SLS
estimator is

8, = X UL LY L Xy X' UL 2y 'Ly
Next, obtain a consistent estimator of % as
S,=(n—m S n,
t=m+1

where #, = §, — X,4,,, and form the 3SLS estimator
8, = X'Q U2 Q2 2 QX)X QL8 Q28 QY

where Q,=1,_,, ® i,,.
Finally, obtain the efficient estimator as

§* =4, — (X' Q22 Q' 2y 2 Q' X)1vs(8,)
[Vs@)X' QI Z(Z Q1 2) 12 Q' X ) s (8,) T7's (6,),

where s(d,) = 0 expresses the parameter constraints. As mentioned
in Chapter IV, further iterations of the equation above can be under-
taken (replace 8, with 0%, etc.), although no further gain in asymptotic
efficiency is achieved.

Also note that the validity of the constraints (hence the validity of
the autoregressive model for €,) can be tested using the Wald test of
Exercise 4.42. If the hypothesis that the restrictions are true is re-
jected, one may want to consider reformulating the model before
proceeding.
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Applying Theorems 7.3, 4.60 and 4.61, we obtain the following
result.

THEOREM 7.6: Suppose

(i) ¥,=X,8+¢€ and €= R,E,__l +  + R €t N, 1=
1 ..., h, so that §,=X,0,+n as above, where
s(5)—0 t=m+1, ..., n, and that ,= ce, for some fi-
nite nonsingular nonstochastic pXp matrix such that
cc’ = 3. Suppose there exists a unique o-field generated by
row vectors {W,} such that

E€|W,)=0 and
E(e|9,) #0  forall ¢,Da(W,), t=1,...,n;

Eee|W)=Lt=1,...,n
Ee€€e W, W)=0r+*1=1,...,n
and define instrumental variables Z satisfying
EX|\W)=2Z]Il,,t=1,...,n

where X, =c¢™'X, and I, is an [ X k matrix of full column
rank containing no zero rows. Let Z,=cZ,.
In addition, suppose that

(i) {((Z,,X,, n,)} is a mixing sequence with either ¢(m) of size
r/Q2r—1), r= 1 or a(m) of size r/(r — 1), r > 1;
(iii) (a) E(Z,g,r],hlg, 1) =0 for all t where (F,} is adapted to
(Ztglr’lh}’ g’ 15 v ’p, 1 . 1
(b) E|Znu** <A <o and E|r],,|2(’+") <A< for
some d > 0 and all #;
(c) V,=var(n~'2Z’¢) is uniformly positive definite;
(iv) (@) E|Z,)2*9 <A <wand E[X,,12"*9 < A < « for some
0<é=r, g h=1,..., p i=1,..., 1 j=
I, ...,k andall¢
(b) Q,=E(Z’'X/n) and Q,= E(Z’X/n) have uniformly
full column rank;
(c) L,= E(Z’'Z/n)is uniformly positive definite.

Define
S,=n" > 0,

=1
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where
ﬁt =¥,— Xlﬁrn ﬁn = (X'Z(Z’Z)’1Z’X)—1X'Z(Z'Z)_1Z'S"
Let

a

Q=193
and
8 =X QU2 Q2 2 QX)X UL Q2 2 Qy,
and define
§* =8, — (X'Q L2 Q; 2y 2 Q;'X) Vs (4,)
X [vs(8, )X Q22 Q5 2) 12 ;1K) Vs(8,) 18 (8,)-
Then D;2n~12(§* — 8,) 2 N(0, 1), where
D, = avar §, — avar 8.Vs(8,) [Vs(d,) avar 8,Vs(d,)'1~'Vs(d,) avar 5,
avar §, = (Q,V;'Q,)™!, and D, — D, = 0, where
D, = avar 8, — avar 3,,Vs(3,,)’[Vs(3,,)
X avar 5,,Vs(3,,)’]“Vs(3,,) avar 6,

and
avar 8, = (X' QVZ(2 Q22 QX )~

Further, the conclusion of Theorem 4.61 holds for é * with respect to
any constrained estimator based on any estimator allowed by the
conditions of Theorem 4.57.

Proof: The properties of 3,, follow from Theorem 7.3 and the prop-
erties of 0* follow from the proof of Theorem 4.60. The final result
holds because the hypotheses of Theorem 4.61 are satisfied. The
consistency of D, follows from Proposition 2.30.

Although this result establishes the asymptotic efficiency of 5,",‘ with
respect to any constrained (or unconstrained) consistent asymptoti-
cally normal estimator making use of instrumental variables formed as
measurable functions of the elements of W,, the finite sample proper-
ties of this estimator are not necessarily optimal. In particular, ne-
glecting the first m observations in constructing the pseudo-differ-
enced model may lead to nonnegligible efficiency losses in finite
samples. (See Harvey [1981, Section 6.1].)
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Also of importance is the fact that the present estimator is the
efficient estimator for the parameters of the pseudo-differenced
model. If X, does not contain lagged values of §,, then it can be shown
that 5 contains the efficient estimator for the original model. Other-
wise, it turns out that &, is not as efficient as it would be if it were not
necessary to estimate the elements of R. This is because when X
contains lagged values of ¥, and e, exhibits serial correlation then
condition (i) of Theorem 7.1 is not satisfied.

Finally, we note that the moment restrictions imposed in (iii) and
(iv) will imply restrictions on the admissible values for the elements of
R,,R,, . . . ,R,,. Thisis because ¥, can be made to “explode” for
certain values of these parameters. As a simple example, consider the
model

Y= pPo¥i1 T 1.

If|p,| = 1, assumption (iv.a) will be violated. Because the elements of
R,, . . ., R, are unknown, it is convenient that the conditions we
give do not require checking these parameters directly. Instead, it
suffices to specify that the moment conditions of (iii) and (iv) are
satisfied.
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CHAPTER VI

Directions For Further Study

In this chapter we briefly discuss topics not covered in previous
chapters and how techniques introduced in this book relate to these
topics.

VIII.1 Extensions of the Linear Model

Although the results of the previous chapters cover a broad range of the
possibilities of interest to economists, there is one situation that is not
treated by any of our results. Specifically, the moment conditions
imposed on the instrumental and explanatory variables rule out the
use of time trends or other time series that grow without bound.
Although there is some question as to whether models that make use of
such variables are appropriate in economics (e.g., see Nelson and
Plosser [1982]), it is certainly possible to develop a theory which covers
many of these cases. In particular, the Markov law of large numbers
(Theorem 3.7) or the McLeish law of large numbers (Theorem 3.47)
can be useful in establishing consistency in models with trending
explanatory or instrumental variables. In fact, consistency may hap-
pen “faster” in models with these variables because the error variance
may become quite negligible in comparison to the magnitude of the
regression function X,8,. Asymptotic normality can be established
with the help of the Lindeberg or Martingale - Lindeberg central limit
theorems (Theorem 5.6 or 5.24). In fact, conditions ensuring asymp-

186
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totic normality in models with nonstochastic and possibly trending
variables were the subject of careful attention very early on (Gren-
ander [1954]) and there is a well-developed general theory now avail-
able (e.g., Crowder [1980]).

Another case not covered was generalized instrumental variables
estimation of a linear model when the elements of €, are known
functions of {W,} and a finite number of unknown parameters. This
situation is most easily treated in the framework of maximum likeli-
hood estimation, which we discuss below.

VIII.2 Nonlinear Models

Throughout, we have restricted attention to models linear in the
parameters, although we have allowed nonlinear restrictions among
the parameters to hold. A more general model that contains many
situations of interest to economists can be written as

4.y, X,, B) =€,
In the particular case we studied,

q,(y, X, ﬁo) =Y. x:ﬂo-

There are a variety of ways to obtain consistent and asymptotically
normal estimators for 8,. One way is analogous to the approach
considered here. Suppose we have available instrumental variables Z,
such that E(Z/e,) = 0. Then we can attempt to estimate f, by solving
the problem

min q(B)’ ZP,Z'q(),
where q(p) is the np X 1 vector with ¢th block q,(y,, X,, B), so
Z'qp)= Y Ziq,(y, X, B).
=1

The solution to this problem is called the generalized method of
moments estimator. Its properties have been studied by Amemiya
[1977], Burguete, Gallant and Souza [1982], and Hansen [1982],
among others.

To establish properties analogous to those obtained here, we need
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somewhat more powerful tools than those given. In particular, re-
peated use is made of uniform laws of large numbers and the mean
value theorem for random functions (e.g., see Jennrich [1969]).

VIIL.3 Other Estimation Techniques

Whereas the method of instumental variables studied here is useful
and computationally convenient, there are many other ways of con-
structing useful estimators. Primary among these is the method of
maximum likelihood. In fact, if one assumes that the disturbances €,
are independent and identically distributed as multivariate normal
with unknown covariance matrix, then the IV estimators of Section 2,
Chapter VII (hence Section 4, Chapter VII) can be shown to be
asymptoticaly equivalent to the maximum likelihood estimator under
general conditions. There is a broad range of situations where maxi-
mum likelihood and instrumental variables are asymptotically equiva-
lent (see Hausman [1975] and Amemiya [1977]), although this equiv-
alence fails for the general case of nonlinear models previously
mentioned. In that case, maximum likelihood can be shown to be
more efficient than instrumental variables (Amemiya [1977]).

Use of the method of maximum likelihood requires an assumption
about the distribution of the errors, whereas instrumental variables
does not. Thus, the method of instrumental variables is available in
situations where a knowledge of the error distribution is absent or
suspect. Nevertheless, maximum likelihood estimation can be con-
ducted as if the errors have the assumed distribution, whether this
assumption is valid or not. This procedure is known as quasi-maxi-
mum likelihood estimation, a member of the class of M-estimators
(Huber [1967]), which contains a variety of useful and interesting
estimators. By selecting an M-estimator appropriately, it is possible
to obtain estimators that are quite robust to failure of distributional
assumptions or to certain plausible kinds of data errors.

Again, the study of these estimators requires use of uniform laws of
large numbers and mean value theorems for random functions. A
general treatment of these estimators that also highlights the parallels
with IV estimators has been given by Burguete, Gallant, and Souza
[1982].
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VIII.4 Model Misspecification

Throughout this book, we have maintained the assumption that the
model is known to be

.=XpB,t¢€.

It would indeed be fortunate if the relationship between X, and y, were
ever truly “known.” Owing to the complexity of economic phenom-
ena, it is perhaps more realistic to suppose that the relationship
between X, and y, is unknown. In this case, a linear model such as that
just given can be viewed as a convenient approximation but not
necessarily as a definitive description of the relationship between X,
and y,. It then becomes important to consider questions such as
“How is this approximation to be interpreted?”’, “‘What are the proper-
ties of the parameters of the approximation?”, ‘“‘How can the approxi-
mation be improved?”, and “How can we tell if our approximation is
exact?”

Recently, these questions have been given quite a bit of attention by
econometricians. For a discussion that builds on the material in this
book in a framework encompassing several of the extensions discussed
in this chapter, the reader is referred to Estimation, Inference, and
Specification Analysis (White [1984]).

References

Amemiya, T. [1977]). The maximum likelihood estimator and the nonlinear three-
stage least squares estimator in the general nonlinear simultaneous equation
model, Econometrica 45: 955-968.

Burguete, J. F., Gallant, A. R., and Souza, G. [1982]. On unification of the asymptotic
theory of nonlinear econometric models, Econometric Reviews 1: 151-212.
Crowder, M. J. [1980]. On the asymptotic properties of least-squares estimators in

autoregression, Ann. Statis. 8: 132-146.

Grenander, U. [1954]. On the estimation of regression coefficients in the case of an
autocorrelated disturbance, Annals of Mathematical Statistics 25: 252-272.
Hansen, L. P. {1982]. Large sample properties of generalized method of moments

estimators, Econometrica 50: 1029-1054.

Hausman, J. A.[1975]. An instrumental variable approach to full information estima-
tors for linear and certain nonlinear structural models, Econometrica 43: 727-738.

Huber, P. J. [1967]. The behavior of maximum likelihood estimates under nonstan-



190 VIII. Directions For Further Study

dard conditions, in “Proceedings of the Fifth Berkeley Symposium on Mathemati-
cal Statistics and Probability,” vol. 1. Berkeley, California: University of Califor-
nia Press.

Jennrich, R. I. [1969]. Asymptotic properties of nonlinear least squares estimators,

Annals of Mathematical Statistics 40: 633 -643.
Nelson, C. R., and Plosser, C.1.[1982]. Trends and random walks in macroeconomic

time series, Journal of Monetary Economics 10: 139-162.
White, H. [1984]. “Estimation, Inference and Specification Analysis,” New York:

Cambridge University Press, forthcoming.



Solution Set

EXERCISE 2.8

Proof>- Let a,=A,b, where =[4,;] and b,=(b,,
byas - . ., by). Thena,; = A,,,jb Since {4,;}iso(1) and {b,,}
is O(1), {(4,;b,;} is o(1) by Proposmon 2 7(iii). By Proposition 2.7(ii),
{a,;} is a(1) because it is the sum of k terms, each of which is a(1). It
follows that {a, = A4,b,) is a(1).

EXERCISE 2.13

Proof Since Z’X/n =2~ Q and P, 2= P, it follows from Proposi-
tion 2.11 that det(X’ ZP,Z’ X/n?) 2>~ det(Q’PQ). Since Q has full
column rank and P is nonsmgular by (iii), det(Q’PQ) > 0. It follows
that det(X’ ZP .2’ X/n?) > 0 almost surely for all n sufficiently large,
so that (X’ ZP Z’X/n?)"! exists a.s. for all n sufficiently large. Hence
B.= (X' ZP,Z'X/n®)~'X'ZP,Z’ y/n? exists a.s. for all n sufficiently
large. Given (i), ﬂ =g, + (X’ ZP 7' X/n?)' X' ZP LLe/n? It
follows from Proposition 2.11 that 79' = B, + (Q'PQ)'Q’'P X
0 = B, given (ii) and (iii).

EXERCISE 2.20

Proof: Since {Q,) is O(1) and (P, } is O(1), it follows from Proposi-
tion 2.16 that det(X’ZP L2 X /n?) — det(Q, P,,Q,,) 22 0. Given
(iii), it follows from Lemma 2.19 that {Q,P,Q,,} is uniformly positive
definite, so det(Q.,P,Q,) > J > 0 for all n sufficiently large. It follows

191
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that det(X’ ZP, Z’X/n?)> 9/2 > 0 almost surely for all » sufficiently
large. Hence §,=(X'ZP,Z’'X/n2)'X’'ZP . Z'y/n? exists _almost
surely for all » sufficiently large. Given (i), ﬁ,, Bo+ (X’ZP 7'X/

n?)~ X’ 7P ,Z'€/n?. Given (ii) and (iii) it follows from Proposmon
2.16 that B, — (B, + (Q.P,Q,) " 'Q.,P, X 0) === 0, that is §, === B,.

EXERCISE 2.22
Proof:

(1) Since {a,} is O,.(n%) and (b,)} is O, (n*) there exist nonsto-
chastic O(1) sequences {c¢,} and {d,} such that n~%a,—
¢,~——0 and n~#b, —d,~=— 0. Given that {c,)}, {d,} are
O(1), ¢, and d, are contained in a compact set C =[— A, A] for
all » sufficiently large. By Proposmon 2.16, n~*a,n~*b, —
c,d,=n"%wa.b, — c,d,—— 0, and since {cd}lsO(l)by
Proposition 2.7, {a,b,} is O, (1). Next consider {a, + b,).
Since n~¢%n*a, — ¢,| = |[n"*a, — c,| it follows that if {a,} is
0, (n?) then {a,} is O, ,(n**?) for = 0. (Note that {n~°c,)
is O(1).) Hence there exist O(1) sequences {e,}, {f,} such
that n~*a, — e,~—— 0 and n*b,—f,~——0. By Propo-
sition  2.16, n*a,+n"*b,—(e,+f,)=n""a,+b,) —
(e, + f,) == 0 so that {a, + b,} is O, . (n¥).

(i) Given n~*a, =~ 0 and n#b, = 0, it follows immediately
from Proposition 2.16 that n=%a,n~#b, = n~4+mq, b, = 0.
Now n~%|n~%a,| <|n~*a,|for § = 0 so that {a,} is @, . (n**?) if it
is o,,(n"). Hence n~*a,~—0 and n~*b,—~— 0, and by
Proposition 2.16, n=*a, + n=*b, = n"*(a, + b,) —— 0

(iii) By definition, n~*a, — ¢, —— 0 and n~*b, = 0, where {c,)
is O(1), and hence, interior to a compact set C = [— A, A] for
all n sufficiently large. Since {d,=0} is also O(l1),
n~*a,n*b, — c, X 0 = n~@*mg b **-0 by Proposition
2.16. Consider {a, + b,}. Clearly, if {b,}is @, (n#), then {b,)}
is O, (n#). It follows from (i) that {a, + b,)} is O, (n*).

EXERCISE 2.29

Proof: The proof is identical to that of Exercise 2.13 except that
Proposition 2.27 is used instead of Proposition 2.11 and convergence
in probability replaces convergence almost surely.
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EXERCISE 2.32

Proof: The proof is identical to that of Exercise 2.20 except that
Proposition 2.30 is used in place of Proposition 2.16 and convergence
in probability replaces convergence almost surely.

EXERCISE 2.35
Proof:

(1) Let{c,), {d,,Lbe O(1) sequences such that n~%a, — ¢, £ 0and
n~#b,—d,— 0. Since c,, d, are interior to the compact
set C= [—A, A] for all n sufficiently large it follows from
Proposition 2.30 that n~%a,n~*b,— c,d,= n~%*¥q b, —
¢,d, = 0 so that {a,b,} is O,(n**#). Next consider {a, + b,).
Since n~%|n~%a, — ¢,| <|n"*a, — c,|for d = 0, it follows that if
{a,} is O,(n*) then {a,) is O,(n**%). Hence, there are O(1)
sequences {e,}, {f,) such that n~*q,— e,— 0 and n=*b, —
£, £ 0. By proposition 2.30, n~*a,+ n~*b, — (e, + f,) =
n*a,+b,) — (e, +f,) 20, so that {a,+ b,} is Oyn").
(Recall that {e, + f,} is O(1) by Proposition 2.7.)

(i) We have n™%a, 20, n=#b, 2 0. It follows from Proposition
2.30 that n~*a,n*b,=n~%*®a,b, =0 so that {a,b,} is
2,(1). Consider {a,+ b,}. Since {a,}, {b,} are g,(n*), we
again apply Proposition 2.30 and »n*a,+n*b,=
n~(a,+ b,) = 0.

(iii) By definition, n~*a, — ¢, — 0 and n~*b, = 0, where {c,} is
O(1). Also {d,=0} is O(1), so that Proposition 2.30 ap-
plies and n—*a,n~#b, — ¢, X 0 = n~%*Wg b 0. Consider
{a,+ b,}. Since {b,)} is also O,(n*), it follows from (i) that
{a, + b,} is Oy (n").

EXERCISE 3.6

Proof: We verify the conditions of Exercise 2.13. Given (ii), the
elements of {Z/e,} and {Z,X,} are i.i.d. sequences by Proposition 3.3.
The elements of {Z /¢,) and {Z.; X,} have finite expected absolute value
given (iii.b) and (iv.a). By Theorem 3.1,

n
_ a.s.
Zen=n"'Yy Zie,—
t=1
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and
Z2’X/n=n"" E 7:X,~—Q,
=1

finite with full column rank. Since (iv.c) is also given, the conditions
of Exercise 2.13 are satisfied and the result follows.

EXERCISE 3.13

Proof: By Minkowski’s inequality,

& d 1+6
> Xuni€n = | D (EIX i€l T2+
h=1 =y

[ P 5 ]1+6
< AM(1+0)
=p'+"A

= A

1+4

E

EXERCcISE 3.14

Proof: We verify the conditions of Theorem 2.18. By Proposition
3.10, {XJe,} and {X;X,} are independent sequences with elements
satisfying the moment condition of Corollary 3.9 given (iii.b), (iv.a),
and using the results of Corollary 3.12 and Exercise 3.13. It follows
from Corollary 3.9 that

X'e/n=n"'Y X, —=0
=1
and
X'X/n—M,=n"'Y X/X,— M, —=0.
=1

M, is O(1) given (iv.a) as a consequence of Jensen’s inequality and the
Cauchy -Schwartz inequality. To show this, consider the i, jth ele-
ment of M,
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n

P
n! 2 2 E(xlhixlhj)'

t=1 h=1
Now
n P n P
n Y Y EXp X | =073 B Xl
=1 h=1 =1 h=1
n P
= n—l 2 2 Elxthixlhjl
=1 h=1
n p
=n7' Y Y (EX ) AEX %) 2
=1 h=1

n P
<n 'y YN
t=1 h=1
=pA’' <>
given (iv.a). Hence, the conditions of Theorem 2.18 are satisfied and
the result follows.

EXERCISE 3.38

Proof: We verify the conditions of Exercise 2.13. Given (ii), {(Z{€,)
and {Z/X,} are stationary ergodic sequences by Proposition 3.36, with
elements having finite expected absolute values given (iii.b) and
(iv.a). By the ergodic Theorem 3.34,

a.s.

Z'e/n=n"! 2 Ze,—
=1
and
ZX/n=n"'Y Z;X,~Q,
=1

finite with full column rank. Since (iv.c) is also given, the conditions
of Exercise 2.13 are satisfied and the result follows.

EXERCISE 3.51

Proof: We verify the conditions of Theorem 2.18. Given (ii),
{X7€,} and {X/X,} are mixing sequences with ¢(m) of size r/(2r — 1),
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r=1, or a(m) of size r/(r — 1), r > 1, by Proposition 3.50. Given
(iii.b) and (iv.a) the elements of {X¢,} and { X X, ) satisfy the moment
condition of Corollary 3.48 by Minkowski’s inequality and the
Cauchy - Schwartz inequality. It follows that X’e/n —— 0 and X’ X/
n—M,2>0. M, is O(l) by Jensen’s inequality given (iv.a).
Hence the conditions of Theorem 2.18 are satisfied and the result
follows.

EXERCISE 3.53
(i) The following conditions are sufficient:

(@ y=ay,+Bx+tela<lL,|f<x;
(b) {(y,, x,)’} is a mixing sequence with ¢p(m) of size r/(2r —
1), r= 1, or a(m) of size r/(r— 1), r > 1;
() (1) E(x,;€)=0,j=0,1,2,.. .andallz
(2) E(ee€,_)=0,j=1,2,3,. . .andalls;
(d) (1) EX})*9<A<® and E|€}|""* <A <x for some
0<d=randall
(2) M, = E(X’X/n) has det M, > y > 0 for all n suffi-
ciently large, where X = (y_,, x).

First, we verify the hint (see Laha and Rohatgi [1979, p. 53]). Weare
given that

o

D (EIZ,[7)1P <o,

t=]

By Minkowski’s inequality for finite sums,

n P n p
EIX1Z)| = (2 (EIZ,I")””>
t=1 =1

forall n=1. Hence

n n

p p
lim E| |Z,|[ =lim (2 (EIZ,I")‘”’>

e | =1

-(3 @z )
=1

by continuity of the function g(x) = xP. Applying Fatou’s Lemma
(Laha and Rohatgi [1979, p. 49]),
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n

lim ¥ Z,

=1

p

=E

<E

n p
lim ¥ |Z,|
(= |
=<lim E

n p
lim E(> |Z,]
=1

< ( > (EIZ,I")”")
=1

P
’

which is the desired result.

Next, we verify the conditions of Exercise 3.51. First {(y,, x,)’}
mixing implies {(X,, €,)"} = {(y,—,, X,, €,)’} is mixing and of the same
sizes given (a) and (b) by Theorem 3.49.

Next, by repeated substitution we can write y, as

;=8 2 a'x,_;+ 2 a’e,_;
/=0 /=0
so that

Yi—1€ =B 2 a'x,_; €+ 2 e, €,
j=0 /=0

Given (c), we can interchange the summation and expectation opera-
tors by Proposition 3.52. Hence

E(y,_€)=p 2 ajE(xt—j—let)

j=0
+ Y o/El€,_;_€)=0
j=0
given (¢). Therefore
E(Xie,) = (E(y,-€),

E(x€,))’ =0
so that condition (iii.a) of Exercise 3.51 is satisfied.
Now consider condition (iii.b). By the Cauchy-Schwartz inequal-
ity,
E|x,€| ™’ = (E|x}|"E|€}|r+4)'2

<A<®
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given (d.1). Further,
Ely €| < (E|yi_ | °E|€Z|*%)'2
<(A'A)V? < o

provided E|y%,|"*¢ < A’ < o for some A’. To show this, we write y,
as above and apply Minkowski’s inequality:

2r+9)
Elyi**=E

BY aix,_;+ ade,_;
Jj=0

=0

=18 Y |l [(E|x,[2r+)1/2e+d)

Jj=0
+ (E |€’_j|2(r+6)) l/2(r+¢5)]2(r+5)

o 2+
< 2|ﬂ|A1/2(r+6) 2 |a|1]

Jj=0
= IBIAHIY(L ~ P+ < oo

ifand only if|ar| < | where we have again used Proposition 3.52 to pass
the expectation operator through the summation operator. Therefore
(a), (d.1) ensure that (c.2) is satisfied. We have also shown that (d.1)is
satisfied, and since (d.2) is assumed, the conditions of Exercise 3.51
hold and the OLS estimate of (e, #) will be consistent.

(ii) Consider the following model:

Y= 0y, T €
€, = Po€— TV,
where we assume
E(yv)=0,  E(y,-€-1)=E(ye€),
and
E(e?) = var(e,) = 03.
Then X, =vy,_,, Bo = a,, and from chapter I we know that
E(X(€,) = E(Y,—(€,) = 05po/(1 — potto)-

Therefore, if 3 # 0 and p, # 0, condition (iii.a) of Exercise 3.51 is
violated.
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EXERCISE 3.78

Proof> We verify the moment condition of Theorem 3.77. Since
E|Z |* < A < for all ¢, it follows that

2 E|Z,|2'/l'+’< 2 A/ZH’
=1 =1
=AY 1/ <e
=1

since 2, 1/1'*" <« forany r > 0. The result follows from Theorem
3.77.

EXERCISE 3.80

Proof: We verify the conditions of Exercise 2.20. First, note that
Z'e/n = n~' =5 _, Z}€,, where Z,, is the n X | matrix with rows Z,, and
€, is the n X 1 error vector with elements €,,. By assumption (iii.a),
(Z,,€,, &) 1s a martingale difference sequence. Given (iii.b), the
moment conditions of Exercise 3.78 are satisfied so that n=! =1,
Z,€n——0, h=1,...,p i=1,..., 1 and therefore Z’e/
n —— 0 by Proposition 2.11.

Next, Proposition 3.50 ensures that {Z;X,} is a mixing sequence
given (ii), which satisfies the conditions of Corollary 3.48 given (iv.a).
It follows from Corollary 3.48 that Z' X/n — Q, = 0,and Q, is O(1)
given (iv.a) by Jensen’s inequality. Hence the conditions of Exercise
2.20 are satisfied and the result follows.

EXERCISE 4.18

Proof> Let V be k X k with eigenvalues 4, . . . , 4. Since Vis
real and symmetric it can be diagonalized by
V=0Q'DQ,
where D = diag(4,, . . . , 4) is the matrix with the eigenvalues of V/

along its diagonal and zeros elsewhere, and Q is an orthogonal matrix
that has as its rows the standardized eigenvectors of V corresponding to
A, ..., 4. Furthermore, since V is positive (semi) definite its
eigenvalues satisfy 4, > (=) 0,i=1, . . . , k. Hence, defining

D2 = diag(A\?, . . ., A%,
we can define the sqaure root of V" as

Yz = Q'DI/ZQ.



200 Solution Set

Then
(V'2y = Q' (D'*)(QY
=QD'"7Q
p— Vl/2

so that V172 is symmetric. Also, for any x € R, x # 0, the quadratic
form

x'Q’'D'?Qx = (Qx)'D"*(Qx)

is strictly positive (nonnegative) because 4,> (=) 0, i=1, . . . , k.
Hence, V72 is positive (semi) definite. Finally,

Vl/2Vl/2 _— Q/Dl/zQQ/Dl/zQ
_ QlDl/ZDl/ZQ
since Q is orthogonal

=Q'DO=V.

EXERCISE 4.19
Proof: If Z ~ N(0, V) it follows from Example 4.12 that
V-12Z ~ N(V-1V2 X0, V12 y—1i2),
that is
V-12Z ~ N0, 1)
since
yo12yy =it = yoIzyIzyay iz = |

EXERCISE 4.26

Proof: Since Z’X/n—Q,,—p-’O where Q, is finite and has full
column rank for all » sufficiently large and P, — P, = 0 where P, is
finite and nonsingular for all # sufficiently large, it follows from
Proposition 2.30 that

X'ZP,Zz'X/n* - Q,P,Q, = 0.

Also since QP,Q, is nonsingular for all n sufficiently large by Lemma
2.19 given (iii), (X’ ZP,Z’ X/n?)~! and B, exist in probability. Given
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(i) and the existence of (X’ZP,Z’'X/n?)"!,
Vn(B, — Bo) = (X'ZP,Z'X/n2y (X' Z/m)P,n~ 2L €.
Hence, given (ii),
vn(B,— B,) — (Q.P,Q,) 'Q.P,n"'12Z’€
= [(X"ZP,Z'X/n? (X'Z/n)P,
—(Q.P,Q,)'Q.P, V2V 1121127 /¢

exists in probability for n large enough. Premultiplying by D}/
yields

D; Vn(B, - f,) — D;*(Q,P.Q,)'Q,P,n" L€
= D; (X' ZP,Z'X/n?) (X' Z/m)P, — (Q;P,Q,)'Q;P,]

L VI2Y i1 e,

Now V;127712Z/€ & N(0, I) given (ii) and

DX ZP, 2’ X/n?y (X' Z/n)P,
—(Q,P,Q,)'Q,P, ]V}

is g,(1) since D !/> and VY2 are O(1) given (ii) and (iii) and
(X'ZP,Z’' X/n?) (X'Z/n)P, — (Q;P,Q/)'Q;P,

1s @,(1) given (iii) by Proposition 2.30. Hence, by Lemma 4.6,

D;'Vn(B,— po) — D7 '*(Q;P,Q,)'Q;P,n"2Z'e > 0.

By Lemma 4.7, D 2Vn(f, — B,) has the same limiting distribution as
D, "%(Q.P,Q,) 'Q,P,n~'?Z’e. We find the asymptotic distribution
of this random vector by applying Corollary 4.24 with A/ =
QP Q,) 'Q.P,and I', = D,, which immediately yields
D;'*(Q;P,Q,)"'Q/P,n""2Z’e * N(O, ).

Since (i1), (iii) and (iv) hold, ﬁn—DnLO as an immediate
consequence of Proposition 2.30.

EXERCISE 4.33

Proof Given that V, -V, —p* 0 and vV,—-v, 5> 0, it follows from
Proposition 2.30 that (V,—V,)—(V,— V)=V, —V, 20 It
immediately follows from Proposition 2.30 that W, — LM, £0.
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EXERCISE 4.34

Proof: From the solution to the constrained minimization problem
we know that

%, = 2RX’X/n)"'R')"(RB, — 1)
and applying the hint,
4, = 2(R(X’X/n)"'R)"'R(X’X/ny" ' X'(y — XB,)/n.
Nowy— XB, =y — X8, — X;$,=y — X, B, = € 50 that
4, = 2R(X’X)"'R")'R(X’X)"'X"€/n.
Partitioning R as [0:1,] and X’ X as

XiX; XiX,
X:X, Xz X,

and applying the formula for a partitioned inverse gives
R(X'X)™'R" = (X3(I — X (XX )7 'XDX,)™!

x'x=[

and
R(X’ X)X = (XHI — Xy(XTX) ™' XDXo) ™' X = X (X[ X,)™'XY).
Hence by substitution
A, =2X5(1 — X,(X/X,)"'X)e/n
=2X5€/n
since € = (I — X,(X;X,)"'X))yand I — X,(X}X,)"'X/ is idempotent.
EXERCISE 4.35

Proof: Substituting V,, = ¢2(X’X/n) into the Lagrange multiplier
statistic of Theorem 4.32 yields

LM, = ni’R[e€/n(X’ X/n)]'R'4, /4.

From Exercise 4.34, A, = 2X5€/n under Hy: 8, = 0. Substituting this
into the above expression and rearranging gives

LM, = ne’ X,R(X'X) 'R’X}e/€’e.
Recalling that X,R = (0:X,) and €’ X, = 0 we can write
e€X,R=€(0:X,)=¢€(X,:X,)=¢€X,

which upon substitution immediately yields the result.
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EXERCISE 4.40

Proof: We are given that s(B) = B; — B8.. Hence Vs(B) = (—5,,
—pB,, 1). Substituting s(f,) and Vs(f,) into the Wald statistic of
Theorem 4.39 yields

wn = n(ﬁi&n - ﬁlnﬁZn)z/fm
where
T, = (=B, = Bis DX X /) V(X X /1) (= Bon, Brns 1)
Note that W, 2 2 in this case.

EXERCISE 4.41

Proof: The Lagrange multiplier statistic is motivated by the con-
strained minimization problem

min(y — XB)(y—Xp)/n st s(f)=0.

The Lagrangian for the problem is
L=y —XB)(y—XB)/n+s(p)A
and the first order conditions are
AL/ =2(X'X/n)B —2X'y/n+ Vs(B)YA=0
a.L/3A = s(B)=0.

Setting ﬁ,, = (X’X/n)"'X"y/n and taking a mean value expansion of
s(B) around B, gives

dLI9B=2AX"X/n)(B—B,) + Vs(B)'A=0
dL/0A=s(B,) + Vs(B— B,) =0,

where V3§ is the ¢ X k Jacobian of s with /th row evaluated at a mean
value . Premultiplying the first equation by Vs(X’X/n)~' and
substituting —s(8,) = V3(B — B,) gives

A= 20V5(X’ X/n)'Vs(B,) T 's(B,).

Thus, following the procedures of Theorems 4.32 and 4.39 we might
propose the statistic

LM, =niA;'A,,

where
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A, = 49s(X'X/ny 1Vs(B,)) V(B (X X/n) 'V,
X (X’ X/n)"'Vs(B) (V5(X' X/n)y"'Vs(B,)) .

The statistic above, however, is not very useful because it depends on
generally unknown mean values and also on the unconstrained
estimate ,8,, An asymptotically equivalent statistic replaces V3 by

Vs(B,) and B, by B,
L, =niA;'A,,
where
A= 2[Vs(B) (X" X/n)~'Vs(B,)T's(B,)
and
A, = 4Vs(B) (X' X/n)"'Vs(B,) ) 'Vs(B,)
X (X'X/n>-'V (X" X/ny " 's(B,) (Vs(B) (X' X/n)y~'Vs(B,y) .

To show that LM, ~ )(q under H, we note that LM, differs from W,

only in that V, is used in place of V, and f, replaces B.. Smce
B -8 and V,—V,=0 under H, given the conditions of
Theorem 4.25 it follows from Proposition 2.30 that

Lo, —w, >0
given that Vs(B) is continuous. Hence LM, A X2 by Lemma 4.7.

EXERCISE 4.42

Proof: First consider testing the hypothesis RS, =r. Analogous to
Theorem 4.31 the Wald statistic is

W, =nRB, — 0T, (RB,—n~
under H,, where
[,=RD,R’
= R(X'ZP,Z2’ X/n?)"\(X'Z/n)P,V,P(Z' X /n)
X (X’'ZP,Z’'X/n?)"'R’.
To prove W, has an asymptotic x2 distribution under H,, we note that
RB,—r=R(B,— fy)

SO
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T;'2Vn(RB, — 1) = T'; 2 RVn(B, — Bo).
where
I,=R(@Q,P,Q,)'Q,P,V PnQ,.(Q'P,,Qn)"R'

It follows from Corollary 4.24 that F“/ZR\/— ( ﬂ,, ﬂo) ~N@O, ) so
that I';12Vn (Rﬂ — r) ~ N(O I). Since D, — D, 0 from Exercise
4.26 it follows that I', — T, 2. 0 by Proposition 2.30. Hence W,~ 12
by Theorem 4.30.

We can derive the Lagrange multiplier statistic using a constrained
minimization approach:

min(y — XB)ZP,Z'(y— Xp)/n* st. RB=r.

The first-order conditions are
8.LI3p = 2AX'ZP,Z'X/n*)B — 2AX'Z/n)P,Z'y/n + RA=0
dL/A=RE—r=0,
where A is the vector of Lagrange multipliers. It follows that
A, =2R(X'ZP,Z'X/n?y 'Ry (RS, —r)
B.=B,— (X’ZP,2’X/n*)"'R’1,/2.

Hence, analogous to Theorem 4.32, LM, = ni’A;'4, ~ X5 under Hy,
where

A, = 4R(X’'ZP,Z'X/n?) 'R’)"'R(X'ZP,Z’ X /n?y (X'Z/n)P,

X VP2’ X/n)(X'ZP,Z’ X/n?) 'R/ (R(X'ZP,Z’'X/n?)"'R’)"!
and V is computed under the constrained regressnon such that V, —
\ L 0 under H,. Ifwe can show that LM, — W, — 0, then we can
apply Lemma 4.7 to conclude .L M, A X% Note that ,z:m differs
from W, in that V, is used in place of V Since V,, V L 0 under
H,, it follows from Proposition 2.30 that LM, — W, 2.

Next, consider the nonlinear hypothesis s( ﬂo) ={. The Wald sta-
tistic is easily seen to be

W, = ns(B,) T 's(B,),

where

£, =vs(B,)D,vs(B,)
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and D, is given in Exercise 4.26. The proof that W, A x2under H, is
identical to that of Theorem 4.39 except that §, replaces §,, D, is
appropriately defined, and the results of Exercise 4.26 are used in place
of those of Theorem 4.25.

The Lagrange Multiplier statistic can be derived in a manner analo-
gous to Exercise 4.41, and the result is that the Lagrange multiplier
statistic has the form of the Wald statistic with the constrained esti-
mates f, and V, replacing 8, and V,. Thus

LM, =niA;'A,,
where
A, =2[Vs(B) (X" ZP,Z’ X /n?)"'Vs(B,) T 's(B,)
and
A, = 4[Vs(B)(X'ZP, 2’ X/n?) ' Vs(B,) ]!

X Vs(B)(X'ZP,Z’ X /n?)" (X' Z/n)P,V P (Z' X/n)

X (X'ZP,2'X/n2y"'Vs(B,)[Vs(B,)

X (X'ZP, 2’ X/n?y"Ws(B,)]".

Now V,—V, 50 and Vs(B,)— Vs(B,) =0 given Vs(B) is
continuous. It follows from Proposition 2.30 that LM, — W, - 0
so that LM, % X2 by Lemma 4.7.

EXERCISE 4.46

Proof: We assume the conditions of Theorem 4.25 are satisfied.
Then Proposition 4.45 tells us that the asymptotically efficient estima-
tor is

B =(X'XV; X' X)X’ XV; X'y
= (X' X)™'V,(X" X)X/ XV; X"y
= (X’X)"'X"y
= 4.
EXERCISE 4.47

Proof: We assume that the conditions of Exercise 4.26 are satisfied.
In addition, we assume 6%(Z’Z/n) — 3L, = 0 so that V, = 6%(Z'Z/
n). (This will follow from a law of large numbers.) Then the condi-
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tions of Proposition 4.45 are satisfied and it follows that the asympto-
tically efficient estimator is

Br=(X'"Z(GNZL Z/n) 'L’ X)X L(GZ' Z/n)y 'Ly
=X'ZZ'Zy'Z’Xy X' Z(Z'7) 'Ly
= ﬁzst.s-
EXERCISE 4.55

Proof: By definition,

é"lh 2 E clthg 18°

=1 g=1
Hence

E(gthlwlh) 2 2 E(cnhg tglwth)

=1 g=1

n

2 E cuth(Etgl wlh)

=1 g
since ¢, 1S measurable with respect to o(W,,). Further, since
W= N a(Wy)

(1=1=n, | SESPp: Crrpgw0)

and therefore o(W,,,) C 0(W,,), it follows from Proposition 3.63 that
E(e,|W,,) = 0 given E(e,glw,g) 0. Hence

E(€4/W,)=0
Next,

E(z ;hg Ihgtgzrg)

M=
M=
M~
M=

E@Z’€e’Z/n) = n!

1

-
I

-3
J

ES
n

g

E[E(Z;hzlhgtgztgl W!h s Wrg)]

Il
T
M=
M=
M~
M

1

...
]
-
1
ES
n
oy
1

[Z hlz(ethe |Wth’ th)ztg]

I

=I
M=
M=
M~

..
]

1M ;ﬁ.M'a

E[Zthwnhgzrg]

I

=I

s
M=
M §

] 1 h

lt 1g

defining @, = E(€,4€.e| W, w,g). Setting @, = [w,.4,] and Q, =
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[w,] gives

EZ'eeZiny=n"Y Y EZw,Z,)

=1 1=1
= EZ'Q,Z/n).

The result follows upon showing that £, = C,C,,. Consider a typical
element of Q,,,

wtrhg = E(etherglwlh, ng)

3

E (ctﬂhycrwgleﬂyey//llwth ’ W‘rg)

nM=

I
(Y
M- 1M

[
M=
M=
M=

ctﬂhy thAE(EOyEW).'WIh’ Wrg)

D,
I

~
1

1y

since ¢,qy, and c,,,; are each measurable with respect to o(W,,, W.,).
We are given that

E(ef)yewllwo;n Wy/}.) = 1’ 0 =Y, Y= )"
E(€5,€,.|Wp,, W) =0, 0+ vy, yF A

Also, whenever ¢, # 0 we have a(W,)C a(W(,y); similarly,
whenever ¢,,,; = 0 we have o(W ) Co(W,,). It follows that
G(Wlh’ W'tg) U(Wlh) \/ G(Wt ) c 0( Way) \/ a(wy/}.) = J(WOy’ y/l)
whenever ¢, # 0 and ¢,,,; 0. By Proposition 3.63,

E€,W,, W, ) =1, 6=y, y=A4
E(€s Wy, W) =0, 0+y, y+4

whenever ¢, * 0 and ¢,,,; # 0. Hence

wlrhg 2 2 cl@hy 08y

=1 y=1

which is the inner product of the (¢, /) row of C, and the (7, g) column
of C/, that is the typical element of C,C;,.

EXERCISE 4.56

Proof: From the hint we can express Z}, as

2 2 crtth‘tg

=1 g=1
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We note that c,,g,,z,g is measurable with respect to o( V~V,g) so that Z} is
measurable with respect to

9, = \V a(W,,).
(I =t=n,1SgSPp: Cyypey *0}
Since

o(W,) = A\ o(W,2)

(1sy=nl=isp cnr0)

it follows that whenever c,,;, # 0, U(W,g) C o(W,). Since §,, is the
smallest o-ficld containing the union of o-fields each of which is
contained in o(W,), it follows that ¢,,C a(W,), so that Z} is
measurable with respect to a(W,,).

EXERCISE 4.59

Proof: Observe that

Vn(Bx* — B3 = —(X'ZB,Z' X/n?) ' Us(B})

X [Vs(BR(X'ZP,Z' X/n?y 'Vs(B3) 1 Vns(B3).

Now, under the conditions of Exercise 4.26, Z’ X/n, f’,, and Vs(B¥) are
all O,(1) and have full rank for all n sufficiently large. Thus, if we can
show that Vns(8*) = 0, it will follow from Exercise 2.35 and Proposi-
tion 2.30 that Va(8** — %) = 0. Consider a mean value expansion
of s(#¥) about the true parameter value f,:

Vns(B¥) = Vns(Bo) + VsVn(Bx — Bo)
= VsVn(B¥ — Bo)

since s(f,) = 0, where Vs is the Jacobian of s evaluated at mean values
between ¥ and f,. This can be rewritten as

ns(B%) = VsA,Nn(B, — Bo),
where
A, =1—(X'ZV;'Z' X/n>'Vs(B,)’
X [Vs(B)Y(X'ZV;'Z X /n2)'Vs(B,)']'Vs.

Now Vn(B,— B,) is O,(1) by Lemma 4.5 under the conditions of
Exercise 4.26. Since V§ £ s(By), Vs(f,) £ Vs(Bo), Z'X/n is O,(1)
and V,,is O,(1), it follows from Proposition 2.30 that V5A,, - 0, where
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we let b,(w)=(Z'X/n, V,, Vs, Vs(B,)) and c,=(Q,, V,, Vs(B),
Vs(B,))’. Hence, by Exercise 2.35,

ns(B2) = VsAn(B, — By) = 0
and the result follows.
EXERCISE 5.4

Proof: We verify the conditions of Exercise 4.26. To apply
Theorem 5.2, let Z, = A’ V~12Z/¢,, where A’A = | and consider n~1/2
Sn  A’V-12Ze, =n~"2 31 Z,. The summands Z, are i.i.d. by
Proposition 3.2 given (ii) with E(Z,) = 0 given (iii.a) and var(Z,) =
AVTIV2YY-12) =1 given (iii.b) and (iii.c). Therefore n='72
Sty Z,=n""2 3, MV-V2Zle, = A’V 12p~12Z77€ 2 N(O, 1) by
Theorem 5.2. It follows from Proposition 5.1 that V-125~127/¢ ~
N@O,Dsinceif Y ~ N0, I)then 'Y ~ N(0, 1). VisO(1)given (iii.b)
and nonsingular given (iii.c). It follows from Theorem 3.1 and
Theorem 2.24 that Z’X/n — Q 20 given (ii), (iv.a), and (iv.b). Since
the remaining conditions of Exercise 4.26 are satisfied by assumption,
the result follows.

EXERCISE 5.5

Proof: Given the conditions of Exercise 5.4 it follows that
V=n"'Y E(€Z/Z,)=E(€LZ).
=1
Now
E(€!Z]Z,) = E(E(€}Z;Z,|Z,))
= E(E(€}|Z,)Z;Z,)
=03E(Z,Z,) = oiL.

Hence V = a3L. It follows from Exercise 4.47 that the efficient IV
estimator chooses P = V™! to yield the two stage least squares estima-
tor,

Bosis = (X' Z(Z'Zy 2 X)X Z(Z )" 1y.

The natural estimator for V is V,=6%Z'Z/n), where 62 =(y —
XBos1s) (v — XBosis)/n. The conditions of Exercise 5.4 are not quite
strong enough to ensure V,, is consistent for V. In addition we need

(i) Ele| <
(i) () E|Zi<w, i=1,...,1
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(b) EXiI<e, j=1,...,k
(c) L=E(Z/Z,)is nonsingular.

Note that (ii’.a) and (ii’.b) together imply (iv.a) by the Cauchy-
Schwartz inequality.

We show that Z’Z/n = L and a2 2 0. Consider Z’Z/n=n""
P Z’Z Since {Z,Z,) is an i.i.d. sequence given (ii), it follows that
Z'Z/n =L by Theorem 3.1 and Theorem 2.24 given (ii’.a). Next
consider 62 = n'(e — X(fas1s — Bo))'(€ — X(Brs1s — Bo) = €’€/n —

2(3231_5 Bo)'X’e/n + (ﬁzsx.s Bo)’ X’ X/ n(ﬁzsLs Bo). Now ﬂzsl.s
Bo——0. The elements of Xe, have finite expected absolute value

given (i) and (ii’.b). Hence X’e/nis O, (1) by Theorem 3.1. Simi-
larly, XX, has finite expected absolute value given (ii’.b). Since
{X X }15 an i.i.d. sequence it follows from Theorem 3.1that X’ X/nis

ag(1). Therefore —2(Bos15 — By)X€/n 20 and (Boss — Bo)’ X' X/
n( »sts — Bo) = 0 by Theorem 2.24 and Proposmon 2.30. Finally,

consider €’'e/n = n"' 3., €2. Now {€?} is an i.i.d. sequence given (ii)
with finite expected absolute value given (i’). It follows from
Theorem 3.1 that n™' 37, € — E(€})=n"' 3, € —g22>0.
Hence V V=6%Z'Z/n) — a?,L — 0 by Proposition 2.30. Given
that o3> 0 and L is nonsingular it follows from Proposmon 2.30 that
P,—P=V'—vV-1=(02Z'Z/n))"' — (63L)y' 0. This com-
pletes the exercise.

EXERCISE 5.9

Proof: For an identically distributed sequence {Z,} with E(Z,) = u,
var(Z,) = 6% < », the Lindeberg condition reduces to

lim o‘zf (z—uPdF(z)=
(z—u)2>ena?

n—o

Now

o~? f (z — py dF(z)
(z—pu)2>e€nc?

—_ 2 2
’ (“ L-mzsmz(z—mz dF(z))

=072 (02 - f 1[(z—u)lsena2](z - #)2 dF(Z)),
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where 1y,_, <oz is the indicator function. If we can show the
integral converges to o? the result will follow immediately. Let
8n(2) = Lo yp=enoy(z — . Then {g,(z)) is a nondecreasing
sequence for any z and lim,_.., g,(z) = (z — u)%. Next we apply the
Monotone Convergence Theorem (see Rao [1973, p. 135]):

tin [ s are= [ jin g0 ar

= fw (z — pu)? dF(z) = 0.

Hence

n—ow

lim o2 f z—w?dF(z)=0%o*—0)=0
(z—u)2>e€no?
and the result follows.

EXERCISE 5.12

Proof: We verify the conditions of Theorem 4.25. To apply
Theorem 5.11, let Z,, = A’V; /?Xe, and consider n='/2 Zr_, A’V 1/2
X/e,=n"Y2 3., Z,. The summands Z,, are independent by
Proposition 3.2(b) given (ii), with E(Z,,) = 0 given (iii.a), and 82 =
var(VnZ,) = X’V,”2 var(n~"2X'€)V, 12\ = A'V;12V V;112} = |
given (iii.c). By (iii.b) E|Z,,|?>*? is uniformly bounded (apply Min-
kowski’s inequality). Hence, n=V2 2, Z, =n"'2 31, AV, 12
X/e, = A'V;12n"12X’€ > N(0, 1) and therefore V;12p~'2X’e X
N(0, I) by Proposition 5.1.

Assumptions (ii), (iv.a), and (iv.b) ensure that X’ X/n — M,, 20 by
Corollary 3.9 and Theorem 2.24. Given (iv.a) M,, is O(1) and uni-
formly positive definite given (iv.b). Since (v) also holds, the result
follows from Theorem 4.25.

ExERCISE 5.17: The following conditions are sufficient:

(i) @ y=By. thy,+t¢
by —1<B <]
ﬂz - ﬂl <l
Bi+B<l
(ii") (a) {e,}is a stationary, ergodic sequence;
(b) ({e€,, &, is a martingale difference sequence, where §, =
o(. .. ,€_y,€);
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(i) (a) E(€f|§,—))=0a’>0.
(b) EleJ* < .

We verify the conditions of Theorem 5.16. Given (ii’.a), {(X,, €,)} =
{(¥,—1,¥.—2,€,) } is a stationary ergodic sequence by Theorem 3.35, so
condition (ii) is satisfied. Sincey,_;, j = 1, 2, depends only on past ,,
E(y,_j€) = E(E(y,—€|5,-1) = E(y,—,E(€|T,-)) =0 given (ii".b)
by Proposition 3.52. It follows from Proposition 3.63 that
E(X!€,%,—,»,) =0, m=1, so that condition (iii.a) is satisfied. The
model given in (i’.a) is an AR(2) time series model and condition (i’.b)
is the familiar stationarity condition that the zeros of the polynomial
1 — B,z — B,2? lie outside the unit disk. Given (i’b) we can write y, as
an infinite moving average,

-]
Y. = Ecjet—j’
j=0

where ¢; = (|8,]'?)a(j) and |a(/)| < A < = for all j = 0 (see Dhrymes
[1980, pp. 394-395].) Since |B,|<1 it follows that 27, |c;] < ce.
Note that E|y,_,€,|> < (E|y,_|Y)*(E|€,|*)!/? by the Cauchy - Schwartz
inequality. Hence, if we can show Ely,|* < «, then condition (iii.b) is
verified. Now by Minkowski’s inequality (see Exercise 3.53),

> €
f=

= (i lejl (EIG,-jI‘)”“>4

=0

® 4
< (A'/“ S |cj|) <o,

Jj=0

4

Elyl*=E

Next,

V,=var(n~'?X'e)=n"" Y E(eX;X)
=1

n—1 n
+nt E 2 [E(E,é,_,X,’X,_t) + E(etel—‘tx;—txl)]’

=] t=7+1
where Xl = (yt—l ’ Y:—z)- Now
E(ee€,_. X;X,—,) = E(E(e€,_. X[ X,_|T-1)
= E(E(€|3,-1)€e,-. X/ X,—;)=0 for >0,
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given (ii’.b). Also
E(€7X[X,) = E(E(X;X,|F,-1)
= E(E(Eﬂ%,_,)x;x,)
=a’E(X/X,) =M

given (iii".a). Note we have used the stationarity of {¢,}. Therefore
det V,> 6> 0 if and only if det M > 0. It can be shown that (see,
e.g., Granger and Newbold [1977, ch. 1])

E(y})=a*(1 = B)[(1 + B)((1 — B)* — BDT™

and

E(yy.—)=a’B[(1 + ) (1 = B)* = D"

Hence

M — o? @—m) B )
(1+ﬂz)[(l_ﬂ2)2_ﬂ%] ﬂl (l_ﬂz)

and det M # 0 if and only if (1 — ;)2 — B2 + 0. Thus condition
(1’.b) ensures the existence and nonsingularity of M so that (iii.c) and
(iv.b) are satisfied.

Finally, consider condition (iii.d). Given (ii’.b), R,;=0 for
Jj>0. For j=0, Ry=E(y-i€lTo)=Yy-€, i=1, 2. So
var(ro) = E((y_,€0)%) = E(y,)'/?E(€5)'? < » and I}, var(R,;)"? =
var(Re)'? <. Therefore the conditions of Theorem 5.16 are satis-
fied and the result follows.

EXERCISE 5.18

Proof- We verify the conditions of Exercise 4.26. The proof that
V;12p~127/€ L N(0, 1) is identical to proving that V;2n~12X"e A
N(0, I) in Theorem 5.16 with Z replacing X everywhere.

Next,Z'X/n—Q 20 by Theorem 3.34 given (ii), (iv.a), and (iv.b),
where Q is finite with full column rank. Since the conditions of
Exercise 4.26 are satisfied, it follows that

D; '2Vn(g, — Bo) ~ N, 1),
where

D, = (QPQ)"'Q'PV,PQQ'PQ)".



Solution Set 215

Since D, — D — 0 it follows that

D~'2Vn(B, — Bo) — D5 *Vn(B,— Bo)
= (D-'2D; 2 — I)D; "*Vn(B, — Bo) = 0

by Lemma 4.6. Therefore, by Lemma 4.7, D~'2Vn(f, — B) &
N, I).

EXERCISE 5.20

Proof: We verify the conditions of Theorem 4.25. First we apply
Theorem 5.19 and Proposition 5.1 to show that V"12p~12X’e &
N, 1). Consider 'V~ 12p~12X’e=pn~'2 Zn_, )’V~12X’¢,. By
Theorem 3.49, {1’V~12X/e,} is a mixing sequence with either
d(m) or a(m) of size r’'/(r' — 1), r>1, given (ii). Further,
E(A'V~12X/e,) =0 given (iii.a), and application of Minkowski’s
inequality gives E(JA’V™2X/e,|>) < A < for all ¢ given (iii.b).
Letting
a+n
> A’V“”X;e,)

o, = var(n“/2
t=a+1

a+tn
=,1'V“/2var<n"/2 > X{e,)V“”X

1=a+1
=1’ V—I/ZV V_l/zﬂ.

we have g, ,, — 1 uniformly in a given (iii.c). It follows from Theorem
5.19 that n=¥2 3n., XMV 12Xle, = A’V“/zn“/ZX € N(O,1).
Hence, by Proposition 5 1, V“/’-n‘”ZX’e ~ N, I).

Now

Vo 12p=12X e — V=12p=12X e = (V;1/2V12 — V112~ 112X g 20

because V;; l/2V1/2 — 1 is o(1) (hence o,(1)) by Definition 2.3 and
V“’zn“”X'e ~ N(0, 1), which allows application of Lemma 4.6. It
follows from Lemma 4.7 that

V;12p-12X%e & N(O, 1).

Next, X’ X/n — M, = 0 by Corollary 3.48 and Theorem 2.24 given
(iv.a). Given (iv.a) M, is O(l) and detM,>d>0 for all »
sufficiently large given (iv.b). Hence, the conditions of Theorem 4.25
are satisfied and the result follows.



216 Solution Set

ExEeRrcISE 5.21: The following conditions are sufficient:

(i) @ y=pBy,+tBx+¢
(®) 1BI<L |8 <
(i) {(y,, x,)’} is a mixing sequence with either ¢(m) of size
r'j(r’ — 1), r' > 1, or a(m) of size r’/(r’ — 1), r’ > 1, where
r'=r+dforsomer=1andd> 0
(iii”) (a) FE(e,)=0forall
(b) Ele|* <A< forallt
(c) E(eg€,_;)=0,j=1,2, ..., andforallf;
(d) Van = Var(n_l/z E‘rl--=‘-a'l+l X;El) where Xl = (yl—l > X,),
V,=V,, and there exists V nonsingular such that
V,,— V —0as n— o uniformly in g;
(iv) (a) |x,|<A<eforally
(b) M,=E(X’X/n) has detM,>6>0 for all n suf-
ficiently large.

We verify the conditions of Exercise 5.20. Since €,=y,~— By, —
Box,, it follows from Theorem 3.49 that {(X,, €,)'} = {(y,—, X,, €)'} is
mixing with either ¢(m) of size r'/(r’ — 1), r’ > 1, or a(m) of size
r’'/(r’ — 1), r’ > 1, given (ii’). Thus, condition (ii) of Exercise 5.20 is
satisfied.

Next consider condition (iii). Now E(x,€,) = x,F(€,) =0 given
(iti’.a). Also, by repeated substitution we can express y, as

Y. =5 2} ﬂ}ixz—j + 2) ﬂjiex—j
= j=

so that by Proposition 3.52 E(y,_,€,) =0 given (iii’.a) and (iii’.c).
Hence, E(Xe,) = (E(y,_;€,), E(x,€,)) =0 so that (iii.a) is satisfied.
Turning to condition (iii.b) we have E|x,€,|*" = |x,|*"E|€|* < A’ < o
given (iii"b). Also Ely, €[> =(Ely,_|*")"*(El€|*')"* by the
Cauchy-Schwartz inequality. Since E|€,|*" < A < o given (iii’.b), it
only remains to be shown that E|y,|* <. Applying Minkowski’s
inequality (see Exercise 3.53),

B> Fix_+ E(,) Bi€.-
f=

Jj=0

4r'

Ely|*' =E

< [IﬂzIA 3B+ A S B, |f]4"

=0 Jj=0

=[(I1B:1A + A7) /(1 — | B DI <o



Solution Set 217

ifand only if|8,| < 1. Therefore, E|y,_,€,|*" < ©given (i’) and (iv’.a)
so that condition (iii.b) is satisfied. It remains to verify condition
(iv.a). Now E|x?|"+9 = |x |2+ < A2+ gjven (iv.a) and E|y?|"H <
as shown above. Hence, all conditions of Exercise 5.20 are satisfied so
that the OLS estimate of (8,, £,) will be consistent and asymptotically
normal.

EXERCISE 5.26

Proof: First, we apply Corollary 5.25 and Proposition 5.1 to show
that V;2n~12Z’e & N(0, I). Given (iii’.a), (Z'€,} is a martingale
difference sequence with var(n~'2Z’€) =V, finite by (iii".b) with
det(V,)> 6> 0 for all n sufficiently large given (iii’.c). Hence,
consider A’V“/zn"/zZ’e—n‘”2 3n_, AMV,'2Z’e,. Expressing
A'V127 %€, as SE_ Sk T 7€, it follows from the additivity of
conditional expectations that

p k
EQXVVPLE|F )= Y AnE(Z €T ) =0
=1 i=1
since F(Z €, ,—,) = Ogiven (iii.a). Applying Minkowski’s inequal-
ity yields

k

2 2 IinZ!hielh

h=1 i=]

< . 2(r+4)
= 2 2 Ai,,(EIZ”"-EMIZ(’*’J))I/2(y+¢§)

h=1 i=1

p Kk 2(r+9)
[o$ S amal <o

h=1 i=1

2(r+6)
EWVV;12Z €%+ = E

given (iii”.b). Now
62=var(A’V,;'2n=12Z"¢)
= A"V, 2var(n~'\?Z'e)V, 21 = 1
for all n sufficiently large. Next consider n™! 27,
X'V, ?Z’€,€e,Z,V,'?A. Since {Z)e,€,Z,} is a mixing sequence with
elther d(m) of size r/(2r — 1), r = 1, or ae(m) of size r/(r — l) r>1,by

Theorem 3.49, it follows that n~! =7, Zle€,Z,~V, —'0 given
(iii”.b). By Proposition 2.30,
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n-! 2 MV 127 €€ 2NV, 2A— AV, 12V, V, 12}
=1

=n"t S MV, 27 /e€ZV; 22— 120,
=1

Hence, the sequence {1’V !2Z¢,} satisfies the conditions of Corol-
lary 5 25, and it follows that AV, V2p=12 3, Z’e,—l’V W2p=1r2
Zel N(@O,1). By Proposition 5. 1 v, l’2}1“/2Z’e ~ N(0 I).

Now, given (ii’), (iv.a), and (iv.b), Z X/n—Q, 0 by Corollary
3.48 and Theorem 2.24. The remaining results follow as before.

EXERCISE 6.2

Proof: The following conditions are sufficient:

(i) y=Xp+¢

(i) {(Z,, X,, €)'} is a mixing sequence with either ¢(m) of size
r/2r— 1), r=1, or a(m) of size r/(r— 1), r > 1;

(1) (a) E(Z,g,e,,,lg, 1) =0 for all t, where {F,) is adapted to

(Zg€n), g h=1,...,pi=1,...,1

(b) E|Z€,* P <A< and Ele, |2('+"’<A<°° for
some0<6<rg,h lI,...,pi=1, , 1, and
all r;

(c) Elee€/|Z)=a}l,,t=1,.. ., n

(iv) (@) E|Z,J**P <A <oand E|X,,**+9 < A < o for some

0>0,h=1,...,pi=1,...,Lj=1,.. .k and
all r;

(b) Q, = E(Z’X/n) has full column rank uniformly in # for
all n sufficiently large;

(¢) L,=E(Z’Z/n) hasdet L, > é > 0 for all n sufficiently
large.

Given conditions (i)-(iv), the asymptotically efficient estimator is
B.=Bosis = (X'UZ' 22 XY ' X' UZ'Z)'Z'y

by Exercise 4.47. First consider Z'Z/n. Now {Z,Z,} is a mixing

sequence with the same size as {(Z,, X,, €,)’} by Proposition 3.50.

Hence, by Corollary 348, Z2'Z/n—L,= n~1 2L ZZ,—nt B,

E(Z;Z,) — 0 given (iv.a) and Z’ Z/n —L, 20 by Theorem 2.24.
Next consider
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&%= (np)(y — XB,)'(y — XB,)

= (€ — X(B, — B))'(e — X(B, — Bo))/np

=e’e/np — 2B, — Bo)'X'e/np + (B, — Bo) (X' X/n)(B, — Bo)/p.
Since the conditions of Exercise 3.80 are satisfied, it follows that
B.— B, ==>0. Also, X’e/n is O,.(1) by Corollary 3.48 given (ii),
(iii.b), and (iv.a). Hence ( ﬁ,, — Bo)X’e/n 20 by Exercise 2.22 and
Theorem 2.24. Similarly, {X;X,} a mixing sequence with size given in
(i) with elements satisfying the moment condition of Corollary 3.48

given (iv.a), so that X’X/n is O,,(1) and therefore (ﬁ,, — B (X' X/
n) (B, — B,) — 0. Finally, consider

14 n
€e/mp=p > n'Y €.
h=1 =1

Now forany h=1, . . ., p, {€%} is a mixing sequence with ¢(m) of
size r/(2r— 1), r=1, or a(m) of size r/(r— 1), r> 1. Since {€3

satisfies the moment condition of Corollary 3.48 given (iii.b) and
E(€%) = 63 given (iii.c), it follows that

n n n
—_— —_— — _— p —
n'ze,zh—n'IElE(efh)—n'lZle,z,,—a%—'O, h=1,...,p

=1

Hence, €’€/np = o3, and it follows that &2 - o} by Exercise 2.35.

EXERCISE 6.6

Proof: The proof is analogous to that of Theorem 6.3, and again we
explicitly consider the case p =1 for simplicity. We decompose

~

V,—V, as follows:
V.= V,=n' Y €Z,Z,—n" Y E(€Z|Z,)
=1 =1
—2n' Y (B, — B Xi€Z(Z,
=1

+n! il (ﬁn —ﬁo)lexz(ﬁn - ﬂo)Z:Z,

Now (€2Z,Z,} is a mixing sequence with either ¢(m) of size r/(2r — 1),
r= 1, ora(m)ofsize r/(r — 1), r > 1, given (ii) with elements satisfying
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the moment condition of Corollary 3.48 given (iiib). Hence
n' Y €2;Z,—n™' Y E(eZ,1,)>0.
=1 =1

The remaining terms converge to zero in probability as in Theorem
6.3, where we now use results on mixing sequences in place of results
on stationary, ergodic sequences. For example, by the Cauchy-
Schwartz inequality,

E|chZn'Z:j€x|r+5 = E(|X:xzzi|2(r+6))”2E(|Z:j€1|2(’+6))l/2
<A< >
glven (iii.b) and (iv.a). Since {X,Z,Z €} is a mixing sequence with
size given in (i1) and it satisfies the moment condition of Corollary
3.48, it follows that
n' S XZ2,Z,6,—n" Y E(X,Z,Z,€)>0
=1 =1

Since §, — B, — 0 under the conditions given, we have

n! 2 (B,— Bo)'Xi€2/2,~0

by Exercise 2.35. Finally, consider the third term. The Cauchy-
Schwartz inequality gives E|X, X,Z,Z,;|"*® < « so that

n Y X, XuZ,Z, —n' Y E(X,X,Z,Z,) >0
=1 =1

by Corollary 3.48. Thus the third term vanishes in probability and
application of Exercise 2.35 yields V, — V,, 0.
EXERCISE 6.7

Proof: The proofis immediate from Exercise 5.27 and Exercise 6.6.

EXERCISE 6.8

Proof: Condmons (1)-(iv) ensure that Exercise 6.6 holds for ﬂ,, and
V vV, £,0. Next setP V Vin Exercise 6.7. ThenP,=V;!and
the result follows.
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EXERCISE 6.12

Proof: Analogously to Theorem 6.9, consider

n

(n—1)" 2 €€ _2Z;Z, .—(n— T)_l 2 Ee€,_.Z{Z, )

1=t+1 =1+l
- (n - T)_l E (ﬁn - ﬂo),x;et—rztlzl—r
1=t+1
—(n—17! E (ﬂn ﬂo) Xi—€ZiZ,_,
r=1+1
-0t Y (B~ BXiX B — BNZIZ,..
t=1+1

We can proceed exactly as in Theorem 6.3 to show that each term
above converges to zero in probability. Note that Theorem 3.49 is
invoked to guarantee the summands are mixing sequences with size
given in (ii), and the Cauchy - Schwartz inequality is used to verify the
moment condition of Corollary 3.48. For example, given (ii)
(e€,_.Z,Z, ) is a mixing sequence with either ¢(m) of size
r'/2r' — 1), r’ = 1, or a(m) of size r’/(r’ — 1), r’ > 1, with elements
satisfying the moment condition of Corollary 3.48 given (iii.b).
Hence

n

=" Y €€ ZiZ ~n—1" Y E€€.Z{Z )0

1=t+1 =1+1

The remaining terms can be shown to converge to zero in probability
in a manner similar to Theorem 6.3.

EXERCISE 6.13

Proof: Immediate from Theorem 5.23 and Exercise 6.12.

EXERCISE 6.14

Proof Condmons(l) Qv) ensure that Exercise 6.12 holds for ﬂ and
-V, 2 0. Next set P,= V—1 in Exercise 6.13. Then P,=V;!
and the result follows.

EXERCISE 7.4
Proof- Because €, = €, — X,(B, — B,), we have
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2, —3,=(n/nyn"! ’_21 d, €€ — 3,
= (n,/ny"'n"! ,-21 d, €€, —3,
— (n,/n)"'n™! ,Z. d,X,(8, — Be;
— (n,/n) "0~ _21 d,€(8, — B X;

+ (n, fny~tn=? 2 d, X8, — Bo) (B, — By X1.

The result will follow from Exercise 2.35 if we can show that each of
the four terms above vanish in probability.
Given (i) and (ii), it follows that

(n,/ny'n"! E. d,€.€; — E(n,/ny'n™! 21 Ed,€€) >0
PA P
by Proposition 2.30. Now

- 2 Ed,€€) = n-t 2 E(E(,€€/W,)
= z E(d,EEEIW,)
- ; E@,(Sdy, +- - -+ Zgdg)
=pn"! ,2 E@@,3,)
=n! 21 E@d,) X3,

“~
= n“E(i dy,) X2,
=1

= E(n,/n) X 3,.

1 ~~ P
Hence (n,/n) 2, de€; —2,—0.
Next consider
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n Y d,X(B,— Boe..
=1

This can be written as the sum of k matrices with the g, /ith element in
theithterm (i= 1, . . . , k) equal to

(ﬂngi _ﬂOgi)n-l 2 dylxlgieth'
=1
Since B —Bou—0, g=1,..., p,i=1,..., k and n

21 d, X €,isOy()forg, h=1, . . . ,pi=1, ...,k it follows
from Exercise 2.35 that

n
_ ~ o~ ~
nt Yy 4, X (B, — Boe; — 0.
=1
The third term is the transpose of the second term, so it too converges

in probability to zero.
Finally, consider the last term

S 4, X8, — B (B, — B X..

This can be expressed as the sum of k* matrices where the g, hth
element of the i, jthterm (4, j=1, . . . , k) is

(ﬁngi _ﬂOgi)(ﬁnhj — Bow)n™! 2 dwitgiilhj-
=1

Since n ' =1_, 4, X, X, isO(Dforg, h=1, . . . ,pij=1,...,
k, given (iv), it follows that

& E 4, X.(8,— BB, — By X 0.

It now follows from Exercise 2.35 that ﬁ)y,, -3, £0.
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